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COMPLEX AVERAGES OF PARTICLE QUANTITIES
AND EQUATIONS OF BALANCE

Abstract

by Andrei Kouznetsov, Ph.D.
Washington State University
May 2010

Chair: Alex Panchenko

We study a new complex continuum quantity Q7 (t;x, z) and its applications for efficient par-
ticle system simulation. Function @Q,(t;x,z) is constructed using both velocities and positions
of particles. It carries more information than the standard quantities density, linear momentum,
and kinetic energy, and, therefore, it can give better results in various applications. The standard
quantities can be derived from Q;(t; T, z).

The proposed quantity and its derivatives are bounded independently of the number of particles,
and can be used for numerical modeling. Several 1D particle systems are studied using Q,T](t; x,z),
and an approximate closure is presented based on the examples.

Research of Q;(t; x, z) can be continued on a 2D example presented in the last chapter. The
model in the example describes a so called bistable material. Bistable material is represented
by a two-dimensional triangular lattice made of bistable rods. Each rod has two equilibrium
lengths, and thus its energy has two equal minima. A rod undergoes a phase transition when its
elongation exceeds a critical value. The lattice is subject to a homogeneous strain and is periodic
with a sufficiently large period. The effective strain of a periodic element is defined. After phase
transitions, the lattice rods are in two different states and lattice strain is inhomogeneous, the
Cauchy-Born rule is not applicable. We show that the lattice has a number of deformed still states
that carry no stresses. These states densely cover a neutral region in the space of entries of effective
strains. In this region, the minimal energy of the periodic lattice is asymptotically close to zero.

The compatibility of the partially transited lattice is studied. We derive compatibility conditions

iii



for lattices and demonstrate a family of compatible lattices (strips) that densely covers the flat
bottom region. Under an additional assumption of the small difference of two equilibrium lengths,
we demonstrate that the still structures continuously vary with the effective strain and prove a

linear dependence of the average strain on the concentration of transited rods.
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CHAPTER ONE
INTRODUCTION

1.1 Motivation

Modeling a large array of particles becomes computationally infeasible as the size of the array
increases along with the number of equations that describe inter-particle connections. In a large
array of particles we can not analyze a single particle, but instead we look at certain characteristics
of particles. We consider a large array of particles as a set of smooth functions that describe the
system. If the functions have certain smoothness that does not depend on the number of particles,
then the functions can be approximated by a discrete set of values at nodes of a grid.

In some sense we have two different worlds in our model. The first world is a micro-world
that distinguishes single particles. The second world is a macro-world that does not distinguish
particles, but it has certain laws and constitutive equations. We want to extract those laws and
constitutive equations from the micro-world that is given in terms of particles and their properties.

In the view of the assumptions above, the following question arises. What are the right quantities
that give us all necessary information for modeling and analysis? First of all, we would like to have
such quantities as density, linear momentum, etc. at every node of our grid. Second, we need to
be able to have an evolution law for the system in terms of those quantities.

In this work we propose certain quantities that partially satisfy both requirements: the proposed
quantities can be used to obtain the density and linear momentum, also an approximate closed form

equation is proposed with an algorithm to compute the evolution of the system.

1.2 Discrete mathematical problem

Consider a system of N identical particles of mass my that have no size. We will assume that during
the observation all particles have no angular momentum and are located in a bounded domain €2
of the d-dimensional space R? d = 1,2,3. The number of particles N is assumed to be very large

and our goal is to obtain asymptotic behavior as N — oo. The positions g,(t) and velocities v;(t)



of particles j = 1,2,..., N satisfy a system of Newton equations

Qj(t) = vj(t),

(1.1)
my;(t) = £;() + £V (2)

with some given initial values q; (0) and v;(0). Here fg-eXt) denotes external forces, such as gravity

and forces enforcing boundary constraints. The interparticle forces are assumed to be of the form

N
szz.fjkv fjjzo (1.2)
k=1

where f . are pair interaction conservative forces generated by a finite range potential Uy:

fir==VUn(qi(t) — q;(t)), for k#j (1.3)

System (1.1) describes behavior of an array of particles. This behavior strongly depends on the

initial conditions q;(0), v;(0), and the potential Uy.

1.3 Scaling

Since we are interested in the asymptotic behavior of system (1.1), all quantities of the system
should be properly scaled as N — oco. To define the scaling consider the structure on Figure 1.1.
Particles in this structure are uniformly distributed in the cube and each non-boundary particle
has 6 interacting neighbors.

As N — oo the structure on Figure 1.1 should have a constant mass and a potential energy

bounded by a constant independent of V. One way to satisfy these requirements is to define

to ensure that the total mass of the whole system is M, and define

1
_ u(Niz])



Figure 1.1: Particles packed in a cube

for some function u : R — R, suppu C (0,r), so that if we cut the cube, the normal component
of the total force is proportional to the area of the section. In the definition of the force we can
see that the vector of the force between two interacting particles and the vector connecting the
interacting particles are collinear.

For formal explanation define a parameter ¢ = N~Y¢ and suppose that N > Ny. Then the

total mass of the system is M

u_lNN IER A g —
N—§ZZUN(%—%)—§NZZU(T)- (1.4)

If we neglect the particles on the edge of the cube, then for the structure on Figure 1.1 the expression

for the potential energy will be

where U* is the potential of the link between two neighbors (all neighbors in the cube have the
same distance). Hence, the potential energy of the structure does not depend on N. For all other

structures we are going to use the same scaling.



The force f ), of interaction between particles j and k, acting on g; is

1 q; — gy
Fiu= NE%U( P )

Scaled as above, system (1.1) becomes

In system 1.6 we are interested in the case when ¢ — 0.



CHAPTER TWO
LITERATURE REVIEW

Throughout the whole history of our civilization people were trying to understand the world around
us. One of the main problems was to explain properties of surrounding objects. People asked
themselves why a rock was solid, but water was liquid. Among many different explanations there
was one that is used today. This explanation is based on the idea that every material consists
of discrete units. The earliest references of this concept date back to ancient India in the 6-th
century BCE. In approximately 450 BCE Democritus introduced the term ”atomos” which meant
the smallest indivisible particle of matter. All those early theories were purely theoretical and were
based on philosophy. People believed that properties of a single particle determined properties of
a material. A mixture of particles may have different properties depending on the proportions and
the nature of the mixing materials.

The question that is still open these days is how we can predict properties of a material using
the properties of its particles. One can ask why we want to predict instead of just conducting an
experiment. The answer is that today it would be faster and cheaper to use a computer to predict
the results if we have a right model that is computationally cheap and accurate.

Many people work on models that can describe behavior and properties of materials. Those
models differ by accuracy, the materials that can be modeled by those models, computational
cost, complexity of implementation, etc. The main two approaches in modeling are discrete and
continuous.

Discrete model assumes that one will work with a system of interacting units. The number of
the units can be very large depending on the scale of the problem. If the system becomes large,
then usually it becomes too hard to solve this system accurately. However, upon solving the system
of equations, one gets information about every unit in his system.

Continuous models employ the fact that in our real life we do not want to know about every
discrete unit (atom, molecule, etc.) in our material. Instead, we need some macro characteristics.
Moreover, usually, it is assumed that these characteristics are continuous functions of time and

space.



There are two different approaches to construct a continuous models. One approach tries to
use every particle in equations and then simplify the equations using some a priori information
(deterministic mechanics). The other approach does not require information about all particles,
but instead it uses probability distribution for model descriptions (statistical mechanics [16, 11]).

Statistical mechanics provides a framework for relating the microscopic properties of discrete
units to the macroscopic properties of materials. It was born in 1870 with the work of Austrian
physicist Ludwig Boltzmann. The main problem in statistical thermodynamics is to determine the
distribution of a given amount of energy E over N identical systems [16]. The goal of statistical
mechanics is to relate the measurable macroscopic properties of materials to the properties of the
particles. One of the main requirements of the statistical mechanics is having a huge number of
particles in the system.

The first models of continuum deterministic mechanics were formulated by the French math-
ematician Augustin Louis Cauchy in the 19th century, but research in the area continues today.
Modeling an object as a continuum assumes that the substance of the object completely fills the
space that it occupies, therefore, we ignore the fact that matter consists of atoms. However, on
length scales much greater than inter-atomic distances, such models are highly accurate. Funda-
mental physical laws such as the conservation of mass, the conservation of momentum, and the
conservation of energy may be applied to such models to derive differential equations describing
the behavior of such objects, and some information about the particular material studied is added
through a constitutive relation (for example see [23]), a relation between two physical quantities
that is specific to a material or substance, and approximates the response of that material to
external forces.

There are many attempts to derive a closed system of macroscopic characteristics that will
describe the properties of materials based on the properties of the discrete units of the materials.
But so far there is no such theory that can describe all possible cases.

A good example of the work that introduces a continuous structure of a material using the
discrete units of this material was done by A. I. Murdoch and D. Bedeaux [13, 14]. In 1994
authors presented exact continuum forms of balance [13]. All macro quantities were obtained using
weighted averages of microscopic quantities. The weighting function was a continuous function that

determined the smoothness of all macroscopic characteristics. In that paper they also discussed



the choice of that function. Later, in 2007 A. Ian Murdoch compared different definitions and
derivations of the Cauchy stress tensor and suggested an approach in nanoscale systems [14].

The idea of the current work is to propose some new macro characteristics that carry more
information than the standard averages like the density, linear momentum, energy, etc. These new
averages are the main difference of this work from the previous works. It is shown that using the
new proposed averages one can find a closed form equation for simple systems like ideal gas. The
new averages still do not carry all the information that is needed to construct a closed system for
an arbitrary case, but using some approximate identities we can construct an algorithm that will

be expected to produce better results than using the standard averages.



CHAPTER THREE
GENERATING FUNCTIONS

3.4 Classical space-time averages

We work with space-time averaging pioneered by Noll [23], and further developed by Hardy [10]
and later Murdoch and Bedeaux [13, 14]. In this section we briefly recall the basic points of the
method and introduce the relevant notation.

Choose smooth functions ¢(x) > 0, x € R? and ¢(t) > 0, t € R. These functions will be
used to generate spatial and time averages, respectively. We will assume that the functions are

normalized

Y(x)der =1 and / p(t)dt =1
R4 R

and decay sufficiently fast as |x| — oo and |[t| — co. Many choices of ¢ and ¢ are possible, however
for practical use it is reasonable to use smooth functions with bounded support.

The new functions 1), and ¢, form nets (generalized sequences) converging to delta functions as
n — 0 and 7 — 0 in the space and time domains, respectively. Using these functions define the

common continuum mechanical quantities:

1. density
uX
pn(t; @) = N ZT/JW(‘B - qj(t)), (3.7)
j=1
2. linear momentum
u X
py(tix) = & > vt (@ — g;(1)), (3.8)
j=1



3. kinetic energy

M N
Kyt @) = 530 D0 05(0) - 030 — 4,(0). (3.9)

Differentiating p, (¢, ) and p, (¢, ) with respect to time and using the system (1.1) one can obtain

the balance equations:

Opy(t,x) + dive p,(t,x) = 0, (3.10)

and

op,(t,x) = divy Ty (t, ) (3.11)

The stress T',(t, ) can be written as the difference (see [14]):
T,(t.2) = F,(t.2) - D, (t,) (3.12)

where

1 N N
Fitn) = 33> Suola-a) [ e sa - (0-sads 619
=1 k=1
MJN
Dy(te) = > v @vty(g; - =) (3.14)

<
I
—

and symbol “®” denotes the tensor product of two vectors:
a®b= abT, (a &® b)i,j = (Libj

Observe that

K,(t,z) = fTrD (t, )



Next, for spatial averaged quantities we can define time averages:

plta) = /R o5, 2)67 (¢ — 5)ds (3.15)
pr(tz) = /pn(s,a:)ngT(t—s)ds (3.16)
TT(tz) = /T 5, 2)67 (1 — 5)ds (3.17)
DI(tz) = / D (s, )67 (t — s)ds (3.18)
Fi(tz) = /R F, (s, 2)67(t - s)ds (3.19)

It is easy to see that equations (3.11) and (3.12) can be written for the time averages as

opy(t,z) = diveT7(t,x) (3.20)

Ti(t,®) = Fi(t,x)— Dj(t,x) (3.21)

Our goal is to describe the evolution of the time-space averages without description of all particles.

3.5 Generating function

Let us introduce the generating function

Qn(t;z, z) = Z eivj(t)'zd)n(w —q;(t)) (3.22)

=1

where g; € () is the position of particle j and v; is the velocity of particle j (€2 is a bounded subset
of R%). The new variable z € R? is an axillary variable that helps extract some certain information
about particle velocities from Q,(t; x, z).

First, observe that the quantities p, (¢, z), p, (¢, ), and D, (¢, z) can be obtained from @ (t, z, z)

10



through the following equations

polt) = Qutiw.0) = 30 S vl — q,(0)
=1
J o N
j=1
M N
Dn(ta m) = _vzszn(t§ T, 0) = N Z vj(t) @ vj(t)wn(m - Qj(t))
j=1

This means that the named above functions can be substituted for the function Q,(t,x,z) in

computations. Next, by direct differentiation we find that
0Qn(t;x,z) =iz f,(t; 2, z) +idive V.0 (t; x, 2)

where the term f, (t;x, z) is

N N _ A
fotizz) =+ {—1 S v <"J’ 0= qk“)) } e 0=y, (2 — g (1))

Theorem 1. For function Q,(t;x,z) we have the following estimates
1@y, 2)| < py(t; ) < MYy llwo ga)
2. [IVaQy(t; 2, 2) |2 < M|ty llwa ma)
3. IV2Qy(t; 2, 2)[l2 < py(t; ) + 2Ky (1) < (M + 2K(1)[[¢glwo, me)

4o 1dive VaQy(t; @, 2)| < (M + 2Kyl s

where M s the total mass of the system and IC(t) is the total kinetic energy of the system:

N . -V
K(t) = » K(t;x)dx = Z ]\]\{w
=1

11

(3.23)

(3.24)

(3.25)



Proof. 1. Indeed, using the triangle inequality

’L’UJ

(x —q; (1) = py(t; )

N N

M M
|Qy(t; x, 2) =|w Z eVt z¢n —q;(t F Z
7j=1 7j=1

Observe that
u X
WZ m—qg <M||7/’TIHW0 (R4)

2. Next, using the triangle inequality we get

u
VaQn(t;x, 2)[l2 = NZGW] Vatby(x — gq;(t))
j=1 2
N
M -
< SO [Vauy (@ — g, )]
j=1
< M[Yyllwe ra
3. We have
MY .
IV2Qy(t;2,2)|2 = ﬁzivj( )&=, (x — q,(t))
Jj=1 2
N
M
< X IOl = a,0)
Using the fact that for all a € R
a<l+a®
we conclude that
u X
IV2Qy(t; 2, 2)2 < NZ (1 + [loj(0)[13)1on( — q;(t)) = py(t; @) + 2K, (t; @)
< MWnHWO ®ey T 2K [vnllwo, ray
< (M4 2K(0) [1¥nlwo, (e

12



4. Consider

|dive VoQp(tx, 2)| = 722611;]@ V(T — q;(t))
M
< NZH% Ml Vatn(@ — g;(0))]l2
uX
< FZ 1+ [lo;(0)[13) | Vaty(® — g;(t))]|2
y N
< Zuvmwn q;(t) |!2+*ZHU; N3NV atoy(x — a;(1))]2
< M’Wn|fwgo(Rd) + 2K(t )Wn”wgo(u{d)
< (M +2K@) 1vnllw (may

O]

Remark 1. It is possible to find a system that has unbounded force term fn(t;a:,z) but bounded

py(t;z) and KC(t) as N — oo.

Proof. Consider the one dimensional system of N particles with even N (see figure 3.2):

B j+ %(_1)3'*1 Y 0 jiseven
=< 3 7 ;=
w7 is odd

In this system we have two groups of particles (white and black on Figure 3.2: one group of particles

is moving right with a constant velocity, another group has zero velocity.
ce>- 00> 00> 00>

Figure 3.2: Example of a system with unbounded f(x, z).

For this system of particles we have

2 : 5/3 jis even
0<gj <1, N(q]_H—q])—l-i-g(—l)J:
1/3 jis odd

Next, pick a smooth function v which is equal to a constant A on the interval [—2, 2] (see figure

13



Figure 3.3: An example of .

3.3) and a function U such that

5 5

supp VU (z) C (—3,3>, VU(1/3) = B

for some constant B # 0. Then,

pp(x) =

M
N
N
M’Uj"l)j M7T2
£ =% =

L N ) '
flal) = %> _NdZVU((%‘—qk)Nd)}ewj'llﬁ(w—qj)

Therefore, f(z,1) — 0o as N — oc.

Theorem 2. Define new time averaged quantities

+00 +0oo
Qntx, z) = Qn(s;x,2)p" (t — s)ds, otz z) = Fo(s;x,2)¢" (t — s)ds

—00 —

14



Then the following statements are true

1. Functions Q; and f} satisfy differential equation (3.23)

\S

QN (e, 2)| < M||[Yyllwo, mey

3. [IVaQp(t; 2, 2)[l2 < M|t llw re)
4 IV2Q (62, 2) |l < (M + 2K(@)) [[¥nlwg, (me)
5. [dive V2Qp (6 x, 2)| < (M + 2K(1)) [l llw ma)

D

0:Q (6, 2)| < M|1vyllwo way 97 lwa (may
7|z fr(tx, 2)] < (M4 2K(0)[vnllwy may + Mgl wey 97w gay
Proof. 1. Consider

“+oo —+00

0@yt x, z) = % i Qn(s;x,2z)¢" (t — s)ds = Qy(s;x, z) D@ (t — s)ds

Using the fact that function ¢ has bounded support, we find

+0o0

oQytiwz) = [ Qs )T (- s

—0o0

Since function Q,(t; x, z) satisfies (3.23), we find
XQy (i, z) =iz fT(tx,2) +idive VLQ) (4, 2)

2. By the definition of Q™ we have

—+00

Q7 (tx, 2)| = ‘ Qn(s;xz,2)¢" (t — s)ds

—0o0

+oo
s/ Qula 2)|67 (¢ — s)ds

Using Theorem 1 we find

400
I%W%MSMWMwm/ &7 (t — 5)ds = M|l g

15



3. By the definition of Q7 we have

+o0
HV;BQ;(t;m,Z)HQ = H/_ VaQy(s;x, 2)¢7 (t — s)ds

+oo
< / V2 Qn(s; 2, 2)]267 (t — 5)ds
2 —0o0

Using Theorem 1 we find

“+oo
IVaQy (62, 2)||2 < M|yl ray ¢ (t — s)ds = M|[¢yllwy ra)

—00

4. By the definition of Q™ we have

+oo
V20 (. 2) o = H | vy e - s

+oo
< / 1V2Qu (52, 2)||267 (£ — 5)ds
2

—0o
Using Theorem 1 we find

+o00
IV2Qn(tz, 2)[2 < (M4 2KE) [¥nllwe ey [ &7( — s)ds

= (M +2K@0)[[¥gllwo (ra)
5. By the definition of Q™ we have

+0o0
< / | dive V2Qy(s; @, 2)|¢7 (t—s)ds

—00

+oo
|dive VQ (6, 2)| = ’/ V.Qn(s;x,2)¢7 (t — s)ds

Using Theorem 1 we find

+o0
|dive VaQy(tiw,2)| < (M + 2K [Ygllwemey [ 67(E—s)ds = (M +2K0)) |yl ae

6. By the definition of Q™ we have

+oo d +oo
szl = |[ T ome s fore-sas < [ lase D
+oo
< MH%HW&(W)/ D™ (t = s)|ds < M|y llwo waylld[lwi may

16



7. Rewrite equation (3.23) applied to f7 and Q7 in the form
iz fT(t;x,z) = idive V.Qp (42, 2) — 0Q5 (8 x, 2)
and use the triangle inequality
|z fT (2, 2)| < |dive VoQp (t z, 2)| + [0:Q (2, 2)|
Next, apply statements 5 and 6 of this theorem:

[z f7 (62, 2)] < (M 4 2K(0)[[¥n[lw, ey + Ml llwe, ey 197 lwy me)

17



CHAPTER FOUR
APPROXIMATE CLOSURE

4.6 Forcing term

Recall that

Denote

Ten | 1g :
frtie,z) = N Z {_5 Z VU(“j,k(t))} %y, (z — (1))

j=1 k=1
11 & . :
= 3% > VU (ki)™ D=y (@ — q;(1) — €O Zy, (z — q,(1))}
k,j=1
N w;(t)-z —a.(t g (t)-z _ t
S Gy lE 4,0 — e — ayl0)
k,j=1 c
Next, consider function g : R?¢ — R defined by
g(w) = ™, (x — wo) (4.26)

where w = (w1, ws) € R??. Using the Fundamental Theorem of Calculus we can write the integral

representation of the difference:

1
g(ws) — g(wy) = (ws — w1) - /0 Vg(w + s(ws — w1))ds

Using the values

wy = (vj(t),q;(t), w1 = (vk(t), qx(t))

18



in the formula above, write

9((v;(1), 4;(t))) — g((vx / {Fej(t) - V1g(A) + ki (t) - Vag(A)}ds

3

where expresion A is defined by

A = (vr(t) + (vj(t) —vr(t)s, qi(t) + (g;(t) — qi(t))s)

= (vk(t) +eRjr(t)s, qr(t) + ckjk(t)s)
Further, using (4.26) we compute Vg and Vag:
Vig(w) = izeiwl'zwn(w — wa), Vag(w) = —eiwl'szn(w — w2)

Define

1
Iy (tw,z) = / e =y, (2 — gy, — ek (t)s)ds
0

Having computed V1g and Vag, simplify the right hand side of (4.27):

1
/0 (R p(0) - Vig(A) + ry (1) - Vog(A)}ds

=" F i 1 (t) - 205 (G, 2) — e Z ke k(1) - Vel (t;x, 2)

Therefore,

Lemma 1. The quantities I3 (t; @, z) and VoI5 (t; @, z) can be written in the form

I (tx, 2) = plick; k() - 2)n (T — qi) + Ra
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and

vWI;,k(t; €z, Z) = SO(’L'EI'Q]‘,k(t) : Z)lebn(ﬂf - qk) + R2

where (x) is the continuous function defined by

e’ —1

and the terms R; and Ry are bounded

1 x#0
o(x) :/ e ds =
0 1 z=0
[Ri| <ellkju@)lllvnllwe ey  [[Rallz < ellcjr@)ll2ll¥nllwz, @ay

Proof. Recall the definition of I5 , (; 2, 2)

Consider

Ry

Therefore,

Next, consider

Ry

1
Iy(te, 2) = /0 Rk Z5), (1 — q — erjg(t)s)ds

1
Itz z) — Yp(T — qp) /0 etk k(025 g
1
/0 ezsnj,k(t)'zs(qz)n(m —qp — 5I<Lj7k(7f)3) — ﬂ)n(m - Qk))ds

1 1
—/0 eieRin ()2 {5@7,,3(75)5 : /0 Vaty(x — q; — asmxk(t)s)da} ds

[Ba| < ellen@l2ll4nllw, ey

1
lejk(t; x,z) — Vaiby(T — q4) / ek Z5 g
0
1
/ Rk 2 (Vg (@ — gy, — ek k(1)) — Vathy(@ — q,))ds
0

1 1
—/0 eieRik (1) =8 {/0 V&Vt (x — q) — aenj’k(t)s)da} ek;i(t)sds
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Hence,

[R2ll2 < el i ()l2]l¥nllwz, ey

4.7 Restrictions on dynamics

Assume that any two interacting particles have similar velocities:

[Rjk()ll2 < Co i VU(k;jk(t)) # 0

(4.29)

for some fixed constant C' independent of IN. Since the the potential function U has a bounded

support, for any two interracting particles we also have

lkin®)2 < Ck if VU(k;jk(t) #0

Assume also that for all j, k, ¢, and N we have

|55k (t)ll2 > cw

This assumption implies that for all j, k, ¢, and N we have

VU (K5, ()2 < Cs

Define
. 11 X A
oz, z) = -5 > VU (kk(t))ie™ #{kjk(t) - 2}y (x — qy)
kj—1
11 ZV .
TN Z VU (kj k(t)e™* * {k; k(1) - Vb (z — qp) }
k=1

(4.30)

(4.31)

The following lemma shows that the quantity }n(t; x,z) gives an approximation to fn(t; x,z) if

the assumptions hold.
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Lemma 2. Conditions (4.29), (4.30), (4.28), and (4.31) imply
”fn(tamaz) - }.n(tvmv'z)n < C(a6

for some constant C, independent of N.

Proof. Notice that condition (4.31) and the fact that U has bounded support implies that the
number of neighbors of any particle is bounded by a number independent of N. Indeed, let supp U C
B, (0), where B,(0) is a ball centered at 0 of radius r. Then supp U(x/e) C £B,(0). For a fixed
number j we would like to count particles for which

o (0=l

e

) 70 o lq;(t) — qi(t)]l2 < er

Since the minimum distance between particles is eck, the balls B.,, /2(q;(t)) do not intersect. Next,

Volume(B,(0)) = r*B1(0),  Volume(B.,, j»(q;(t))) = (%)dBl(O)

Hence, the number of interacting neighbors is bounded by the quantity

Volume(B,(0)) _ord2d M
Volume(Bu, 2(a, () =%

which is independent of V.

Next, consider the difference fn(t; x,z) — f,(tx,2):

N
Foltim,2) — Foltw,2) = —on S0 VUls(0)ie™ = {ia(t) -2 (b2, 2) — b — 1)
k,j=1
11 Y V2 €
o D VU0 (k) - (Val 5kt @, 2) = Vi (@ — q1))}

k,j=1

Using Lemma 1 we find

I, (tx,z) — f,(t; @, 2)||l2 < Cae

where C, is a constant independent of N. O
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Further, rearranging summation in (4.32), expression for z - fn(t; x,z) can be rewritten as

N
2 hyltiez) = —’%NZ > (2 VUG (0) (Ra(0) - 2) § €™ 50y (@—qp)  (4.32)
k=1

4.8 Approximate closure

It appears that function @, (t;«, 2) has no information about distances between interacting par-
ticles. Indeed, consider the examples on Figure 4.4. The periodic structures on the figure have
different densities, however, the distances between interacting particles are the same. If we assume
that the velocities of all particles are 0, then @, (t; x, z) = py,(t; x), and we can claim that different
values of Q,(t;x, z) correspond to equal distances between interacting particles. It shows that the
information about the distances of interacting particles cannot be found from @Q,(t;x,z) in the

general case.

(a) Rectangular lattice (b) Rectangle

Figure 4.4: Interacting structures

Although we can not find a representation of fn(t; x,z) in terms of Q,(t;x, z) in the general
case, we can use some approximations for particular scenarios.

Assume that in the vicinity of every point « € 2 the distance between interacting particles is
inversely proportional to py(t; :c)é Indeed, the more particles we have in a d-dimensional region,

the less distance between every particle should be in that region. Also, assume that the material
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is isotropic. Then approximate

N a B
D VU(kjk(t) ® Kjk(t) & ! u’< 1)31)1

T
k=1 Pn(t;w)d pn(t§33

for some fixed constants a; and 31. To approximate k;; we will use the quantity

t;x
9 _ div, <p,7( ))
ot o)
which represents the relative flow of particles through the boundary of an infinitesimal region, hence

correlates with the rate of change of the average distance between particles. Assuming isotropy, we

approximate

. | o 2 iy (Pt ,(@)
;;VWJ,M@)@HM(W d( <t;w>>“ py(t; @) !

py(t; ) P tix

for some fixed constants ap and (3. Using these approximations our formula (4.32) becomes

F (o %_20672 ( ) z-z o B2 sz
e o (i ) polt; @) <pntw>i>%(t’ 2w

(t;
+ divg { S ; Q” z%)
2 pntccE

py(tiz) = Qu(t;z,0),  py(tiz) = —iV.Q(t;2,0)

where, as before,

Formula (4.33) is a closure that works at least for the case when the particle system is a discretization
of a PDE (details are given in section 5.12). For all other particle systems this closure may be used
as an approximation of fn(t;:c,z). The constants ap, as, 81,82 can be obtained experimentally,

they depend on the dynamics of the system.

4.9 Algorithm

In this section we present an algorithm for computing function @, (t;x, z) using approximation

(4.33). For the sake of argument, in this section we consider the case d = 1. However, everything
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can be generalized to the case of higher dimensions.

Suppose we are given a potential U(ext) (x) that generates an external force on a particle j by
the law

f§ext) _ _%VU(ext)(qj).

This law can model gravitational forces, electrostatic forces, and many others where the force
is proportional to the mass of particles (for example if we assume that the amount of charge is
proportional to the mass of particles, then electrostatic forces can be described by the model).
Assume that VU (z) is a smooth function.

Suppose that due to the external forces the particles cannot leave some region inside €2, so there

are no particles within radius 7 from the boundary of Q:

q; ¢ U By ()

e

Pick a smooth function 1 such that supp+ C (—1,1). Then supp, C (—n,n) and by the definition

of Qy(t; x, z) we have
Qnt;x,z) =0 for all ¢ € 9Q and z € R? (4.34)

Next, because of the external forces the forcing term fn(t; x, z) takes the form

N N o '
foltiw.z) — &Z{—iZVU (M)}ezvﬂﬂ'zwn(w—%(t» (435

Observe that since supp ¢,(x) C By(0), in (4.35) the sums are over the particles that are in the

ball B, (z). Using the smoothness of U for ||g; — x||2 < 1 rewrite

VU (q,) = VU (z) + R,
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where

|[Ril2 < nCu

Hence,
1

N
1 v (t) -z ex:
¥ 2 VU g)e™ =gy (z — q;(t) = VU (@)Qy(t: 2, 2) + Ry (4.36)
Jj=1

where

| R2ll2 < nCupy(t;x)

Using (4.36) approximate z - f, (t; x, 2):

, g o (pyBE)\ zoz B ,
z-f,(tx,2) = - divg ( Ul t:c)) " mﬁu (pn( . ) Qn(t;x, 2) (4.37)

t.
+divy {%u' Gl T zQ"( ,:c,?)}
po(tsz)d ) py(t;x)d

—z - VU ()

Using approximation (4.37) we can define the algorithm for numerical computation of @, (t; , z).
Since we have no boundary conditions in the z space, we can either use one-sided derivative schemes
on the boundary of z region or drop the boundary nodes on every time step (see Figure 4.5). The

later idea is based on the fact that the standard quantities are obtained from @, at z = 0.

x

Figure 4.5: Triangular scheme
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CHAPTER FIVE
EXAMPLES

5.10 Ideal gas

The easiest example is the ideal gas. It can be modeled by the equations (3.23) and (3.25), where
the potential function U is taken to be 0 (no interparticle forces). Hence, we get f = 0 in (3.23)
and

0iQn(tix, z) = idive V.Qy(t; x, 2) (5.38)
Suppose, we are given an initial condition

Qn(o;ma‘z) = Qo(m,Z) (539)

To find solution @, (t; @, z) of the initial value problem (5.38, 5.39) we will apply Fourier trans-
form to the both sides of (5.38) and use the fact that the derivatives with respect to & turn into
multiplication by ¢&:

01 F2[Qn(t;x, 2)|(€) = =& - VaTFa[Qn(t; x, 2)](§)

Since function Q,(t; x, z) has bounded support with respect to « and is smooth by definition (3.22),

the Fourier transform exists. Next, solve the obtained equation using the method of characteristics:

F[Qn(t; @, 2)(§) = FelQo(z, 2 — t£)](§)

Finally, apply the inverse Fourier transform

Qn(t;x, 2) = Fg ' [Fa[Qo(&, 2 — t€)](6)] ()

Therefore, for the ideal gas an explicit formula can be derived for the evolution of the function

Qn(t§ Z, z)'
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5.11 Lennard-Jones like potential

In this example we use a potential function that is qualitatively close to the Leonard-Jones potential.
This function is better for computational purposes because of its moderate slope. (We have to
perform more operations to evaluate this potential, but we can make wider time steps).

Consider a one dimensional problem governed by the potential

192

@) —1600 + 55687 + —— — 1056022 + 1184023 — 7872z* + 2880x° — 4482% = >0
u(zr) = €z

0 <0

with the conditions
eatt=0gqg; <gforall0<i<N
e gg=0and gy =1forallt
The graph of this potential and the graph of the corresponding force are given on figure 5.6.

The particles of the system will be always ordered, since u(x) — oo as & — 0. That is

2 T T

O - __

2k

4+

6

! ! ! ! ! ! ! !
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
(a) Potential (b) Force

Figure 5.6: Particle interaction

In this experiment we numerically solved the system of differential equations (1.6). Using the

solution, we computed the quantities Q7 (t;x, 2) and f (¢ @, 2) and checked the equations of the

28



approximate closure given in (4.33). The results of the numerical experiment are graphed on Figure
5.7.

Although the approximate closure was derived for the quantities without time averages, in this
experiment we use the time averaged quantities in all formulas. This decision is based on the
practical considerations: Without time averaging the quantity f, (t; &, z) can be unbounded.

During the experiment it was possible to find constants oy, g, 81, B2 such that the approxima-

tion (4.33) becomes close to the original quantities f(¢;x, z) (see Figure 5.7).

5.12 Discretization of PDE

In this section we will consider a one dimensional example (d = 1) where particles of the material
will be organized in a certain way. This assumption is a restriction on the initial and boundary
conditions of the original problem and is not implied by other factors.

Define S = [0, 1] and let 2 C R be a bounded set. Suppose that x : [0,7] x S — €2 is a smooth
differentiable function, and for any ¢ € [0, 7] and s € int(S) function x satisfies

M(t,5) = U (Do, ) (5.40)

for some potential U.

Next, consider a system of N particles defined by

qj(t) :X(t’sj)’ S5 = = Je

=

where ¢;(t) is the position of i-th particle at the moment ¢ (j = 1...N) and e = N~!. Given
the expression for the position of particles, we can find the representation of the velocities and

accelerations:

vi(t) = ¢;(t) = x(t,85),  ai(t) = G;(t) = X(t, s5)
Next, observe that r; ;41 has the form

qj(t) —qj+1(t)  x(t,s5) —x(t,s5 +¢
Rjj+1 = 1 8] = ( j) E( J ):_ SX(tasj)+Rn(tasj7€)
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Figure 5.7: Results of numerical simulations



where Ry (t,sj,¢) is

1
Ry(t,s;,€) = —iaﬁx(t,w)e, 0i € [55,8j+1]

and, hence, Ry(t,sj,€) — 0as N — oo , since 2x(t, 0;) is bounded. Continuity of U’ implies

lim U'(kjj1) = U'( lim_rj500) = U'(=0sx(t, 55))

N—oo
and, therefore, the force between two particles approaches U’'(—dsx(t,sj)). Next, assume that
suppU C (—r,r), and for all j and ¢ we have

”
5 < Osx(t,s5) <

then every particle will interact only with its direct neighbors. Indeed,

W) —gire®®) g () =g () | g (t) = gja(t)
Kjj+2 = = +

S 9 g
= _88X<t7 SJ) - asX(t7 s; + 6) + Rn(ta Sj, 6) + Rl@(tv Sj+1, 6)

and by continuity of dsx(t, s) we have
lim Osx(t,s5 +€) = Osx (2, 55).
N—oo

Therefore,

lim Kjj+2 = —28sx(t,8j) < =T
N—oo

and for sufficiently large values of N we have U’(k;j4+2) = 0.

Consider the definition (3.22) of quantity @, (t;x, z) applied to this system

\ S

N
Qults,z) = N; a2y (@ — x(t. 55) (541)

and the definition (3.24) of f, (t;x, 2):

X (t, 57) X502y (2 — X (t, 57)) (5.42)

2\2
Mz

fotix,z) =

Jj=1
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Observe that (5.41) and (5.42) are Riemann sums, so that as N approaches infinity we have

lim Q,(tz,z) = M/eiX(t’s)'z¢n(mX(t,s))ds (5.43)
N—oo S

Jim £tz = M [ ()= (@~ (e 9)ds (5.44)
Let us change the variable of integration in (5.43) and (5.44). Define v = x(¢t, s). Then
s = X_l(t, u), ds = ﬁmx_l(t,u)du

and

A}im Qn(t;x,z) = M/eiX(t’X1(t’“))'zwn(a:—u)8mx1(t, w)du (5.45)
Jim £y tm2) = M [ (et D @ o ude (540)

Next, consider the limit of (5.45) and (5.46) as n — 0. As n — 0, the integrals in (5.45) and (5.46)

become mollification. Therefore,

Qltiw.z) = lim lim Qyftiw,2) = MeHN " 0)20,\ (1,1, (5.47)
fltw,z) = lim lim Foltse,z) = ME(t,x 71t 2)e XX )29 711 z)  (5.48)
n— —00

Simplify the right hand side of (5.40)

LU @t 5)) = U Oox (b)), 5

Using (5.40) and the equality above rewrite (5.48) in the form

Flti, z) = U"(x(t, X1 (6,))) 02X (8, x (1 2)) XX T 00D 2 0,37 (¢, ) (5.49)

Observe that

Ot X 2) = 5 )
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and

Q(t;,0) = MOxx ' (t, @)
Further, we have

8mQ(t7$a0) = _(aSX(t Xl_l(t w))Q&?X(L X_l(t7 x))amX_l(t>w)

= —Q(x, 039\ (t,x\(t,®))

Thus, (5.49) can be rewritten as

. _ . " . _ 8wQ(t;:C,O)
f(t’w“z) - _Q(t’sz)U (MQ(t7$70) 1)W
. _Qtz,z)d (M
Fte, 2z) = () dm{U (p(t;x)>} (5.50)

Formula (5.50) provides a closure which becomes asymptotically exact as N — oo.

Theorem 3. Closure (4.33) is exactly (5.50) in the context of the current section with the constants
ar=ax=1and By = P2 =M.

Proof. First, observe that in the context of this section

. p(tz)

Q(t;x, z) = p(t; m)elz p(t;z)

and, therefore,
Qtiw,z) _ o
p(t; x)

Differentiating both sides of the equality, we find

i\ ) e B e e ey o

Finally, simplifying (4.33) using (5.51) we complete the proof. O
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CHAPTER SIX
BI-STABLE MATERIALS

6.13 Introduction

This chapter presents an example of a particle system that can be studied with the method proposed
in the thesis. This example is a simple discrete model of phase transition. We study deformation
of two-dimensional bistable lattices (BL), periodic triangular networks of bistable elastic rods. A
similar network with linearly elastic rods has been used by Cauchy, who formally averaged this
assembly and obtained the first equations of continuum elasticity [12]. We consider a similar
assembly, assuming that the rods are bistable. The bistability models a phase transition: It is
assumed that each rod has two equilibrium lengths [ and (1 + s), respectively. Here, s can vary
between % and 2, so that the triangle inequality holds and a triangle of transformed rods still
remains a triangle. This bistable lattice model is a simple finite dimensional model for phase
transitions in solids. It allows for detailed description of inhomogeneous deformations and does not
involve any tacit assumptions of the continuum theory. Here, the lattice is considered as a primary
object and not as a discretization of a continuum. Although it does not have all the features of
continuum, it captures most of them.

The considered lattices also model special protective structures. The wire meshes with bistable
waiting links are used for protective structures because they have larger impact resistivity than a
similar standard lattice, see [5, 21]. To achieve bimodality, one uses the links made of two different
rods with welded ends (one rode is slightly longer than the other and, hence, slightly curved). First,
the shorter (basic) rod resists the elongation alone, then a damage or fracture develops in it and
its resistivity decreases, then the second (waiting) rod straightens, starts to resist and the total
resistivity increases again. The resulting force versus elongation curve is non-monotone: First it
increases, then decreases, and then increases again. The corresponding energy is bimodal. The
bimodal link structures can sustain a large impact because a significant portion of its energy is

spent to break the basic links. The lattice recovers the resistivity at a different equilibrium states

due to bimodality. The chapters [8, 7] demonstrate the superior resistivity of the regular triangular
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lattice. In order to rupture it, one must break the basic rods in a large portion of structure spending
much more energy than it is needed to break a similar conventional lattice. The bistable structures
delocalize the damage: the partially broken links are spread over a large area.

One dimensional chains of bistable rods are well investigated [1, 2, 19, 20, 24, 25]. Some
results on the two-dimensional bistable lattices can be found in [17, 18] (explicit construction of
certain special solutions, discrete Green functions), and [6, 7] (direct numerical simulations of time-
dependent impact fracture problems). Other related problems are treated in the book [22] that
also contains additional references.

The partially bistable damaged lattice is composed of short and long links. Its deformation is
inhomogeneous, and it does not satisfy the Cauchy-Born rule, see [9]. However, we assume that
the structure regains periodicity and starts to follow Cauchy-Born rule at a much larger scale. The
continuum limit corresponds to the infinite period. Two scales are introduced: The scale of a single
rod and of the period. The external load is still assumed to be homogeneous in the scale of period.
Implicitly, an even larger scale is assumed to account for inhomogeneity of the load and boundary
conditions.

Section 6.14 contains formulation of the problem and derivation of the compatibility conditions.
We consider compatibility of the “long” and “short” rods in a lattice. The transition of links to a new
state generally leads to an elastic deformation of all rods. For example, one transformed (elongated)
rod does not fit into a triangular lattice of nontransformed (short) links without distorting the
lattice and increasing the energy of the assembly. The partially damaged lattice possesses many
equilibria. Some of equilibria (called here still states) correspond to nonstressed state of the whole
lattice and zero energy. Notice that the resistivity of the structure in a damaged still state is equal
to the resistivity of the undamaged structure, but the energy of an impact is absorbed during
the transition to that state. In Section 6.16 we introduce still states. We show that there exists
a class of still structures that densely cover the neutral region, and describe the corresponding
set of eigenvalues. In Section 6.17, we formulate the linearized problem, assuming that the two
equilibrium lengths are close to each other. A formula for average strain is obtained in Section
6.18, it expresses strain in terms of rod elongations. In Section 6.20, we show that the compatibility
conditions are necessary and sufficient for existence of a lattice deformation realizing a given set

of rod elongations. In Section 6.21, we prove a characterization theorem for the neutral region D.
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This is done by constructing a certain family of still states called stripes. The eigenstrains of the
stripes fill D densely, in the sense that every strain within this set can be approximated by an

1/2

average strain of some stripe, with an error of order N~"/¢ where NN is the number of nodes.

6.14 The problem

6.14.1 Energy of one bistable rod

Consider a bistable elastic rod with the energy W, (x) that possesses two equal minima W, (l) =
Wi ((145s)l) = 0. Let us also assume that W, (z) is convex outside of the interval [I, I[(1+s)], and its
second derivative is positive in a proximity of each minima 2 = [ and x = [(1+ s). For definiteness,
we may assume that the dependence of W,.(x) on the length x > 0 is piece-wise quadratic (W;}) or

polynomial (W¥)

Wi(z) = min {;(x o, %C(w 1+ s))Q} , (6.52)
WP(z) = (z—10)%*z—11+5))? (6.53)

where [ is the length of the rod in the reference configuration, [ + s is the length in the elongated
mode, and % <1l4+s<2
The rods are elastic and locally stable in a proximity of the equilibria. The elastic force f, in

the rod is
dW,

fr(z) = dr

The rod has two equilibrium states © = [ and = = I(1 + s) of equal energy

fr(2) =0, We(z)=0 ifz=1 I(1+s).

The magnitude of the force monotonically increases with the elongation [ in the proximity of
equilibria.
There are several equilibrium lengths x, and xg for every f, in a proximity of zero. They are

solutions of the equation
dW,
de
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Figure 6.8: Energy of a bistable rod

6.14.2 Triangular network

Consider a triangular periodic network made of the links defined above. For each node, there are
six rods joining it with six neighbors. When the rods are of equal lengths, the network is elastically
isotropic. The number of nodes in the period is three times less than the number of rods between
them. There are three families of the parallel rods in the network

When the rods transit to a different state, the network becomes inhomogeneous (each rod can
have a different length). We assume that the transition is periodic. Each period consists of N
nodes where N can be arbitrary large. The network’s energy is the sum of energies stored in all 3NV
links. The length of a link can be expressed through the position of its ends, that is the nodes. The
nodes are determined by N pairs of coordinates in a plane, or by 2N parameters. Hence, the links’
lengths can not be arbitrary (for example, see Figure 6.9(a)). We conclude that they are subject

to N compatibility conditions that we derive now.
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(a) Compatible structure (b) Hexagonal block

Figure 6.9: Compatibility of link lengths

6.15 Compatibility conditions

6.15.1 Necessary condition

There are conditions that constrain the lengths of the rods that can be joined in a hexagonal lattice.
Consider an inner node in the lattice. There are six rods that link the node with its neighbors; let
us denote the lengths of them as ay, ... ag (see figure 6.9(b)). Consider also six rods that surround
the node forming a hexagon around it; let us denote the lengths of them as by, ...bs. These rods
form six triangles joined at the node. The angles at the node will be denoted by ¢1, ..., ¢¢ .

The lengths of the listed twelve rods cannot be arbitrary. The sum of angles of the six triangles

should be equal to 2,

Z ¢; = 2m. (6.54)

To express this condition in terms of the lengths, we use trigonometry. Cosine of each angle ¢; is

expressed through the lengths of the links as

2 2 2
a; +ai 4 — b
S0 = g Tl (6.55
1

Here, a7 = aj. Therefore, the lengths of rods are constrained as follows

6 2

a? +a?, | — b?
Z arccos <H+1Z> = 2. (6.56)

2a;a;
i—1 141
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The number of these constraints is equal to the number of inner nodes in the structure.

6.15.2 Linearized compatibility conditions

In a linearized case when the lengths of the rods are close to [, constraints (6.56) are simplified.
Assuming that

a; =114 Kq,), bi=11+kp), i=1,...,6 (6.57)

we write ¢; as the function of kg, Ka, 1, Kb;:

k3

(14 ka,)? + (L4 Kayyy)? — (14 Kp,)?
2(1 + Ka ) (1 + Fayyy) '

¢; = arccos

Linearizing near

Ka; 0
Kazyy | = O
Kb, 0

we find
6 \/g 6 6 6
;¢i:2w+3 (;“ai+;”ai+1 2;/-%1.>

Substituting this expression into (6.54), we obtain an elegant linearized compatibility condition for

lattices
6 6
> ke =Y m, (6.58)
i=1 i=1

It states that the sum of the elongations of the spokes that come out of a node is equal to the

elongation of the hexagonal rim around this node.

6.16 Definitions

In this section we consider still configurations. These are deformed states with zero force in each
rod. Because of the force-elongation dependence, this requires the length of each rod to be either
[ or I(1+s). To simplify presentation, in this section we scale [ = 1 and denote [(1 + s) = a.
Given a collection of such rod lengths, we call a configuration stdll if it is geometrically compatible,

that is the ends of the link of the length one and a can meet in the nodes. The examples of still
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configurations are given below in Figure 6.10. We recall that eigenstrain is a generic name given to
various non-elastic strains, such as strains due to thermal expansion, phase transformation, initial
strains and so on.

Notice that the problem is reduced to a geometric problem of tiling of the plane with triangles
of four types with the lengths of the sides being equal to {1,1,1}, {1,1,a}, {1,a,a}. and {a,a,a},
respectively.

We work with small elongations (a & 1), so it makes sense to linearize rod elongations near the
reference configuration. Linear description allows us to use all tools of linear algebra, so all proofs

become easier and more elegant.

6.17 Linearized elongations
The linearized relative elongation x;; of the rod (i,j) can be written as

Kij = dij - wv (6.59)
where g;; is the unit direction from node ¢ to node j in the reference configuration, u; and u; are
the displacements of nodes i and j, respectively.

Consider a triangular periodic network of N nodes, where N is finite, even though it can be
arbitrary large. We also suppose that the nodes are arranged into a hexagonal shape containing n
nodes along a side (see Figure 5.1 for an example).

Factoring out /2 in (6.52) and using nodal displacements instead of the rod length, we write the
energy of a rod (i,7) as

w(kij) = Cf min{/{?j, (kij — 5)%1, (6.60)
where, s > 0 is a dimensionless parameter characterizing the critical relative elongation. The graph
of the dependence w(k;;) is shown on figure 6.11 (Compare with (6.52), where  denotes the actual
rod length).

The displacements u; in the equilibrium state are found by minimizing the total energy of the
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(a) Step 1 (b) Step 2
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Figure 6.10: Hexagon-triangle strips and the assembly
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network:

6.18 Average strain

An effective homogeneous deformation state of the network is characterized by an average (lin-
earized) strain tensor E. In this section we obtain a formula for the average strain in terms of
elongations r;;.

Denote the number of nodes in the network by N. Given a set of displacements of nodes
u1,...uy we define a continuum deformation u(x) that coincides with u; at each x;. This can be
done by interpolating. In the present case, the lattice forms a triangulation of the physical domain
Q. Therefore it is easy to construct a piecewise linear interpolant, using finite elements. After this

is done we obtain a continuous function u(x),x € Q such that
o u(x;) =wu; for i =1,... N and x; being the position of node i;

e u(x) is linear on every elementary triangle of the lattice.
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To u(x) we associate strain tensor e:

e Vu + (Vu)?
N 2

Average strain E is defined by the formula

1
E- /Q e(z)da. (6.61)

where € is the domain of w and |Q] is

|Q\:/da)
Q

There exist formulas for E in terms of displacements u; (see [4], [15]). However, for our purposes
it is better to work with the relative elongations x;; because we would often prescribe elongations,
rather than displacements. To use standard formulas one would have to solve the system (6.69) (see
the next section) that relates elongations and displacements. We choose a more direct route that
involves relating three average elongations along the lattice directions with the three independent
components of the average strain.

Rewrite (6.61) as

1 / 1
E=— [ e(x)de = — EA;
] Jo© 7] 2

AeT
where 7T is the set of elementary triangles of the network, |7 is the number of elementary triangles

in the network, and €a is the strain tensor on elementary triangle A:

_ Vupa + (Vup)? 1

= e(x)dx
2 ] Jo, €@

EA

Since the average strain tensor FE is a 2 X 2 symmetric matrix, it has three independent com-

ponents:
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Consider three lattice direction vectors q;, g5, and g3 (see figure 6.12(a)):

1| —1
QS_§ 9

V3

(a) Three lattice directions (b) Definition of vector ka

Figure 6.12: Lattice directions

We can find the components of E using the values g, - (Eq,), r = 1,2,3. Observe that

Eqr q,- EAqr q, - VquT) (662)
T s

Using linearity of w on triangle A for edge (4, 7) of the triangle we find

uj—uz-

qij - (Equ'j) =4q;;- (VUqu'j) =4q;;- I = Kij

Given a triangle A with vertices h, i, j (see figure 6.12(b)) define vector ka € R? as:

th
kA = Khi

/i,‘j

Using this notation we rewrite (6.62) as a linear system for finding the components a, b, ¢ of E
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given elongations x;;:

a
1
Qlob|= 7 Z ka, (6.63)
AeT
c
where the matrix Q) is given by
i 2q1,1q1,2 o 1 0 0
Q=1 4, 2¢2,192,2 By | = | 3 3 3 (6.64)
a3, 2¢3,1q3,2 B ! _§ 3
Define function m : R? — R?*2 by
10 0 1 0 0
m(m) =T + x2 + a3
0 0 10 0 1

Function m is simply a linear 1-1 mapping from the space of three dimensional vectors to the space

of 2 X 2 symmetric matrices.

Solving (6.63) we find average strain E:

1 _
E:mm<Q 121%), (6.65)

AeT
where
1 0 0
-1 V3 V3
QU=] 0% =%
_1 2 2
3 3 3

Further, we will rewrite the sum over triangles in (6.65) as the sum over edges (this is just the
change in indexing). Denote all edges of the array by &, all boundary edges of the array by £p and

all non-boundary edges of the array by & (€7 = E\Ep). Then

> ka=2) ke— Y ke,

AeT ecf eclp
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where vector k., € R? has the components defined by

ke, if edge e is parallel to g
(ke)r = ‘ © " or=1,2,3

0, else

Next, equation (6.65) can be rewritten as

Denote the average elongation by k:

|
k= &l > ke (6.66)

ec&

Then we rewrite (6.65) and obtain the desired formula for the average strain in terms of average

elongations:

E=2"m(Q 'k)— LI QD k. (6.67)

This formula is used extensively in the remainder of the chapter. The first term in the right hand
side contains contributions from all interior edges of the lattice, while the second term contains the
contributions from the boundary edges only. As the number of nodes increases, the second term

becomes small comparing to the first. This becomes clear from the following estimate

P €8l -1
— k <V2—— Eella. 6.68
eefp F
Here || - || denotes the Frobenius norm of a matrix, and || - ||2 is the Euclidean norm. Note that
the ratio
€5
7]

of the number of the boundary edges to the number of all elementary triangles goes to zero as the

number of nodes approaches infinity.

46



6.19 Linearized compatibility conditions

In the next two sections, we study the linearized version of the problem of finding still states.
The linearized formulation is as follows. Equations (6.59) relating node displacements with link
elongations can be concisely written as

RU = &k, (6.69)

where U is a tuple of displacements u;, say (ui,...un), and & is a tuple of ;5. The number
of unknowns in (6.69) is 2N (since each w; has two independent components). The number of
equations is larger, approximately 3N (see Lemma 5.1 below for the exact count). Therefore, we
have an overdetermined system (the number of unknowns is less than the number of equations). As
a consequence, (6.69) may be unsolvable for some k. The values of k for which (6.69) is solvable

are called admissible.

6.20 Compatibility conditions characterize range of R

In this section we show that compatibility conditions (6.58) are necessary and sufficient for solv-
ability of (6.69). Necessity is clear from the derivation of (6.58), so we focus on sufficiency.

Suppose that we have the hexagonal array with a side of n points (see figure 6.13).

Figure 6.13: Example of the network with N = 19, n = 3. A hexagon that forms a hexagonal
equations shown in bold

For every hexagon consisting of 6 vertices we formulate the condition (6.58): the sum of elon-

gations of the outer edges equals to the sum of elongations of the inner edges. For example, for
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figure 6.13 the equation will be

K12 + K23 + ... + Kz + Kg1 = K71 + K72 + ... + K75 + Krg

The collection of all such equations will be called hexagonal equations.
Next, we need a preliminary result giving the exact count of the number of nodes, edges and

hexagonal equations. The following lemma is used later to carry out proofs by induction.

Lemma 3. The total number of nodes N, the number of edges E, and the number of hexagonal

equations M depend on n as follows.

Nn)=3n2—-3n+1, En)=92—15n+6, M(n)=3n2—9n+T.

Proof. We will prove the lemma using mathematical induction.

For n = 2 we have a hexagon that has 7 vertices, 12 edges, and 1 hexagonal equation. Indeed,

N(2)=3-22-3.-2+1=7 E(2)=9-22-15-2+6=12, M(2)=3-22-9-2+7=1

Thus, the formulas are true for n = 2.
Suppose that given formulas are true for n = k. Let’s prove that they are true for n = k + 1.
When we increase n = k by 1 we “wrap” the array by a layer of points. Therefore, we add 6k
vertices, we allow 6(k — 1) new hexagonal equations, and add 6(3k — 1) edges. Thus, the number

of vertices N* for the size n =k + 1 is:

N* = N(k)+6k=3k>-3k+1+6k=3k+1-1)*+3k+1

= 3k+1)2—-6(k+1)+3+3k+1=3Fk+1)2-3(k+1)+1,

the number of equations M™ is

M* = M(k)+6(k—1)=3k*-9k+7+6(k—1)=3k+1-1)*-3k+1

= 3k+1)2—-6(k+1)+3-3k+1=3Gk+1)*-9k+1)+7,
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and the number of edges E* is

E* = Ek)+6(3k—1)=9k> 15k +6+ 18k —6=9(k+1—1)*+ 3k

= 9k+1)? =18k +1)+9+3k=9(k+1)* — 15(k + 1) + 6,

Since N* = N(k+ 1), M* = M(k+ 1), and E* = E(k + 1), the formulas are true. O

Observe that

2N -3=FE- M.

We know that for the mapping R : RV — R¥ we have dim(ker R) = 3. This follows from the
well known results on graph rigidity, in particular theorems on the first-order rigidity of triangula-

tions (see e.g. [3] and references therein). Thus,

dim(im R) =2N —3

The hexagonal equations can be concisely written in the form

ZKk =0, (6.70)

where Z is a matrix, Z : RF — RM: j-th row of this matrix corresponds to i-th equation.
Lemma 4. Matriz Z has full rank M.

Proof. We will restate the lemma in the form: all hexagonal equations are linearly independent.

We will prove the lemma in its new form using mathematical induction on n. For n = 2 we
have M = 1. One equation is linearly independent.

Suppose, the lemma is true for n = k. Let’s prove it for n = k + 1.

Increasing n = k by 1 we wrap a hexagon of side size k with a layer of points. Doing so we add
some number of hexagonal equations to those that we had in the original hexagon. The hexagonal
equations of the original hexagon are linearly independent. Each new hexagonal equation contains

an edge that is present in no other equation. Thus, all equations are linearly independent. O
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Since matrix Z has rank M, we find dim(ker Z) = £ — M. Thus,

dim(Im R) = dim(ker 2) (6.71)

Necessity of hexagonal equations implies that each admissible  satisfies them. This fact can

be stated as follows: for any k € Im R we have Zx = 0. This in turn implies

im R C ker Z. (6.72)

Theorem 4. For any vector k € RY satisfying Zk = 0 there is a unique (up to translation and

rotation) vector u € R*N satisfying Ru = K.

Proof. The conditions (6.71) and (6.72) imply
ImR = ker Z.

Thus, for any k£ € R¥ we can find a vector w € R?V. If we neglect rigid rotations and transla-
tions of the whole lattice (they form the null space of R by the well known results on rigidity of

triangulations, ([3] and references therein), then this vector is unique. O

6.21 Still states and small deformation eigenstrains

In the small deformation case a still state is a collection of nodal displacements wu; satisfying
equations (6.69) with the right hand side & of special form. The components x;; can take only two
values: 0 and s, where s is the critical elongation from (6.60). If x;; = 0 we call the corresponding
edge (i,7) short, otherwise the edge is called long. To construct a still state, one could choose a
length for each edge (long or short). The resulting configuration is accepted if the resulting triangles
form a tessellation. Otherwise the configuration is rejected. In the case of small deformations, an
admissible elongation vector k should lie in the range of the matrix R from (6.69). Equivalently,
such kK must be a solution of the hexagonal equations (6.70).

Denote the set of all still states by Y. To characterize U, one needs to solve the following

problem.
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Given k with k;; € {0, s}, find U realizing that &, that is, find Usuch that RU = k.

This is possible only if k satisfies hexagonal equations from Section 6.19. Complete characterization
of U seems very difficult, and is not addressed in this chapter. The reason for the difficulty is the
lack of a convenient structure. It is easily checked that U is not a linear space, or even a convex

set. Therefore, a description of this set cannot be obtained by linear algebra methods.

6.22 An algorithm of adding still states

In this section we characterize the set of strains that can be well approximated by the average
strains of still states. An average strain of a still state can be conveniently described by a triple of
concentrations of long edges parallel to the lattice directions. In this section we propose an explicit
construction that furnishes a large number of still states. Concentrations of these states densely
fill a certain unit cube in the concentration space. Our construction is based on two observations.
First, one needs a binary operation that produces new still states by combining two already known
still states. Second, one needs a simple ”building block”, that is, a still state that could be easily
combined with its slightly modified (e.g. translated and rotated) replicas. In view of the linear
structure of im R, the convenient operation is summation. However, summation of two still states
does not always produce a still state. An additional condition that ensures that the sum of still
states remains a still state is non-overlapping of the long edges (see Lemma 5 below): if a particular
edge is long in the first state, then it should be short in the second state, and visa versa.

From this we deduce that the building block should have low concentrations of long edges, and
the placement of these edges should be localized as highly as possible. If both of these requirements
are satisfied, one can add together shifted copies of the building block to generate new still states

with higher concentrations.
Lemma 5. The sum k1 + ko of two still states k1 and Ko is a still state provided k1 - kg = 0.

Proof. Since k1 and ko are still states, their components satisfy

(k1)ij € {0,s},  (k2)i; € {0, s}

for all connected nodes ¢ and j. Moreover, the condition of orthogonality 1 - kK9 = 0 says that for
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each pair (7, j) the values (k1);; and (K2);; cannot equal s simultaneously. Thus,

(K1)ij + (K2)i; € {0, s}

Also, since k1 and ko are still states, we have

Zli'q:o, ZK',Q:O,

where Z is the matrix of the hexagonal system (6.70). By linearity Z,

Z(ki+Ke)=2ZK1+ Zka =0

Since the necessary conditions hold, the sum k1 + K9 is a still state.

O
Notice that Lemma 5 states that sum
Ki+Ke+...+Knp
is a still state, provided k;, ¢ = 1, ..., m have non-overlapping long edges.
For a still state in (6.68) we have ||k.||2 < s. Thus
1 \f’gB’ —1
ecép F

Define concentrations «;, i € {1,2,3}, of long edges in a still state as the ratio of the long edges
in 4-th direction to the total number of all edges in this direction. Using the concentrations we can
state the main result of this chapter: The set of still states concentrations densely fills a cube in

R3. This result is proved in the following theorem.

Theorem 5. For any «; € [0,1], i = 1,2,3, and any n > 3 there exists a still state kK* such that

its concentrations o,

1=1,2,3, satisfy

|ai—af|<g
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Proof. To prove the theorem we will use special still states called stripes. These states have k;; =0
everywhere except for one stripe that has non-zero elements in one direction (figure 6.14). We can
see that these stripes are still states because their components are either 0 or s and they satisfy the
hexagonal equations: each hexagon has either all zero elongations or one non-zero inner elongation

and one non-zero outer elongation.

(b) Rotated stripe, group 2

"
"

.
¢
&

(c) Rotated stripe, group 3 (d) Compound still state

Figure 6.14: 6.14(a), 6.14(b), and 6.14(b) are “stripe” still states. 6.14(d) is a still state composed
of 6.14(a), 6.14(b), and 6.14(c). Solid line corresponds to k = s, dotted line is 0.

Observe, that for two different stripes k1 and ko we have k1 - ko = 0. In other words, the long

edges of k1 do not overlap the long edges of ko, and thus k1 + k2 is a still state (figure 6.14(d)).
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We have 3 different groups of stripes, Gi, G2, and G3, one for each direction: one group of
horizontal stripes and two groups of rotated stripes. The number of stripes in each group is
2(n —1).

Next, define the vectors d,, r € {1,2,3} as follows. The dimension of d, is E (the number of
edges), and the components are equal to one if the corresponding edge is parallel to g, (a lattice
direction vector), and equal to zero otherwise. It is easy to see that if k € G, for some r € {1, 2, 3}
then k - d, < 2n, r = 1,2, 3, since each “stripe” has no more than 2n long edges. Also, since each
stripe has long edges only in r-th direction, we get

E
m-dT:§aT, k-dy =0 fort #r.

This implies

<6n On <1fo >3
(0% —_— = ———— — rn .
"TFE 9m2—-15m+6 n =

First, we explain the main idea of the proof. Consider i-th group (stripes of one certain direc-
tion). If we add all stripes of this group then we’ll get o; = 1. For the still state K = 0 we have
a; = 0. Therefore, adding stripes one by one we increase «; from 0 to 1 with steps less than n=".
Hence, for any z € [0,1] there exists a step when |o; — x| < n~!. Finally, since different directions
are independent from each other, we can run this algorithm for ¢ = 1,2,3 and at the end add all

still states together to get what we need. Next, we present the technical details.

For any subset S of set G; we will define functions £(S) and &;(S) by

RS =Yk and a(S) =3 %n d; = %:%(S) d;
KES KES

Since #(G;) = d;, we have 4;(G;) = 1 and &;(G;) = 0 for j # i. Also, we define £(0)) = 0 and
a;(0) =0, j=1,2,3.

From the corollary of lemma 5 it follows that for any S C G; the value of function &(S) is a still
state with concentrations &;(S).

Suppose we are given values «; € [0,1],7 = 1,2,3. Let’s define sets H;, i = 1,2, 3, as

H;, = {5 CG;: @i(S) < Oéi}
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Having defined H; we define values S, i = 1,2, 3, by

S = argmax &;(S)

SeH;

Since the sets G; are finite, the sets H; are finite and the maximum exists. Therefore, the definition
of 87 is consistent.

Now if for some i € {1,2,3} we have G;\S = 0 then S} = G; and &(S}) = 1. From the
definition of S we have

&(S)) < oy

Since a; < 1, we get &;(S)) = a.
If for some i € {1,2,3} we have G;\S; # ) then there exists k € G;\S;".

From the definition of function & we get

a(S; U{k}) = a(S7) + a({k}) > a(S))

And, since S} has maximal value in H;, we have §; U {k} ¢ H;. Hence,

a; < &(SF U{k})

Now using
and
~ * ~ * ~ 1
& (7 U{k}) — ailS)) = aul{k}) <
we get,

1
0= o —ai(S)) < &Sy U{k}) —ail(Si) <

Finally, for the still state k* defined by

K* = &(SFUS) U S
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we have

oz;-k—ai|<ﬁ

Let us define the set D:
D={smQ 'z):xcR*0<z <1,r=1,23}, (6.74)

where Q! is the inverse of the matrix given by Eq. (6.64). Set D is a convex polygon in the space of
2 x 2 symmetric matrices, since it is an image of a cube under a non-singular linear transformation.

The components of the elements of D form a set shown on figure 6.15.

L2

0.54

0.0

0 B -0.5J

(a) The cube [0,1]* (b) Q710,13 (c) Eigenvalues of £
Figure 6.15: The cube and its image under Q~*

Theorem 6. For any E € D there exists a still state of the hexagonal array with a side of n > 3

points such that average strain E* of this still state satisfies

8

n—1

|E* — Ellr <s[|Q"]
Proof. Since E € D, there exists o € R3, 0 < a,, < 1, such that
E=s5m(Q 'a)

Using theorem 5 we can claim that for n > 3 there is a still state with the concentration values o*
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such that

V3
la” —afls < —
n

Using (6.67), for this still state we find the average eigenstrain

1

E*=2_"_"mQ k") - —m(Q! k).
7| 7| %::B )
Then
E*—E|lr = 2@ 1y - L -1 N—E
I I = |27 m@ 7K = m(@7 D k)
‘ | ‘ | BE(‘:B F
2s |5| — * 1 — *
= 137 Q' )—?m(Q IZke)—sm(Q 'a)
3|7 7| = .
-1 2s ‘5’ * 1 -1 *
< V20Q7 Y || T et —sa| 4 (m [ =@ )kl
3 |T| 2 ‘T‘ eclp F
Next,
B ol < sllor—aflo+s|1— 2L e
3 |7] 2 ’ 37"
V3 2 €|
< 1= _ -7
8 n”s‘ M"@

Further, using

IT|=6(n—1)2 |&| =92 —15n+6, [Ep|=6(n—1)

and estimation (6.73) we find

_ V3 2 |€] [3:] pae
* 1 1
1B~ Bllr < VaIQ~l (ns+s]1—3m]ﬁ)+ﬂmu@ Jas
Sy (VB VB 1
— 1 v
= VasliQ H2<n +3(n—1)+n—1>
< SlQ 7k
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Let us now discuss the significance of the Theorem 6.3 for linking the microscopic (lattice-level)
and macroscopic (continuum) models. First, it is of interest to understand how geometry of D
depends on the microstructure. We observe that D is the image of a unit cube under a linear
mapping defined in (6.74). The unit cube and the mapping m are both independent of the lattice
geometry and the microscopic force definition. The two microstructure-dependent quantities in
(6.74) are the relative (non-dimensional) critical elongation s and the matrix Q~!. The actual
critical elongation is sl, where [ is the equilibrium edge length. Passing to the limit requires
proper scaling of | with N (a typical scaling is [ ~ N -1/ 2). It looks natural to define s as a
constant independent of N. If that is the case, then s = O(1) as N — oo. The set D in that
case is independent of N, and s is a non-dimensional constant of the problem that determines
susceptibility of the material to phase transition. The diameter of D increases linearly with s. The
matrix Q! determines orientation of D in the strain space and provides the explicit dependence
of D on the lattice geometry. Indeed, by definition (6.64), @ depends only on the products of
components of the lattice direction vectors g,.,r = 1,2, 3.

If s = O(1), then D is the “flat bottom” of the macroscopic energy density, since by Theorem
6.3 any strain in this set can be approximated by a still state eigenstrain, the energy of every still

state is zero, and D is fixed as N — oo.
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CHAPTER SEVEN
CONCLUSION

A new complex continuum quantity Q;(t; x, z) was studied in this dissertation. The quantity is a
function with derivatives bounded independently of NV, it includes both velocities and positions of
particles, and, hence, carries more information than the standard quantities density p:](t; x), linear
momentum pj(¢; ), and kinetic energy Ky (t;x). The standard quantities can be obtained from
Q(tix, z).

Practical usage of Q,T](t;a:,z) was studied on several examples. Based on the examples we
proposed a way to turn the evolution equation for Q:](t; @, z) into a closed form differential equation.
This closure is exact under certain constraints and can be used as an approximation if the constraints
are not satisfied. An algorithm is developed based on the presented closed form differential equation.

In the last chapter we proposed an example for further studies using Q;(t; x,z). The example
is a bistable material modeled by a triangular lattice with bistable links. The equilibria of this
triangular lattice are considered. We obtain the description of the set of the average strain tensors
corresponding to still states, e.g. deformations that carry no forces and possess zero energy. We
also propose several explicit constructions of such states for small and finite deformations.

The compatibility conditions for rod elongations were derived. In the small deformation case,
these conditions are necessary and sufficient for the existence of a deformation realizing a given set
of elongations. We propose a special class of still states, the strips. The strains of these special
patterns densely cover the neutral region D of all still states strains. We showed that D is a
parallelepiped in 3D space of independent components of the strain tensor. The orientation and
side lengths of D are explicitly described in terms of the parameters of the lattice.

The above results suggest the following properties of the energy density: If a strain is inside
of D, then the energy density is asymptotically close to zero as the number of the lattice nodes
approaches infinity; if the strain is outside of this set, the energy density is proportional to the

square of the distance between the strain and D.
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Appendix A

Mollification

Suppose that we have an expression
N
1
E = N Z 9(y;)
=1
for some smooth function g : R" — R. Let K : R™ — R be a positive valued function with bounded

support:
K(y) >0 for VyeR" supp K C B, (0)

where B,.(0) is a ball of radius 7 in [| - ||2 norm centered at 0 in R". Also, assume that || K|, ®n) = 1.

Using K define Ks:

Rt = 5ok (5)

Note that Ks(y) > 0 and supp Ks C B,5(0).

Consider the following approximation of E:

N
B= | o) }ijlwyyj) dv
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Let us estimate the error of the approximation |E — E|:

IN
=i

(9(y) — 9(y;)) Ks(y — yj)dy
s (Yj)

o —

IA
=
NE

sup |g(y) — g(y;)| / Ks(y — y;)dy
j—=1 Bré(y;) Brs(v5)

N
:NZsup

1
(v — 1) - / Vg(sz + (1 — s)y;)ds
j=1 Br&(yj) 0

7"5\|9vago = 7“5H9\|W010(Rn)

IN
=

Therefore,

> o)~ [ atwnstdy

< 76llgllw mn

where

-
ps(y) =+ ZKé(y - Yj)
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