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A NONLINEAR STABILITY ANALYSIS OF RHOMBIC OPTICAL
PATTERN FORMATION IN AN ATOMIC SODIUM
VAPOR RING CAVITY
Abstract

by Francisco Javier Alvarado, Ph. D.
Washington State University
August 2005

Chair: David J. Wollkind

This dissertation contributes to the theory of optical pattern formation
in a purely absorptive medium, namely a resonantly excited two-level
atomic sodium vapor system in a ring cavity, by means of a rhombic-
planform weakly nonlinear stability analysis applied to the governing
time-evolution equation for that phenomenon. In this system, under ap-
propriate conditions, diffraction of radiation can induce the onset of tran-
verse patterns consisting of stripes and rhombi, in an initially uniform
plane-wave configuration. This phenomenon is modeled by a Swift-
Hohenberg type-equation describing the intracavity field, and defined
on an unbounded spatial domain. This equation is derived from the
mean-field ring cavity model of optical bi-stability, generalized to in-
clude diffraction. These are complex valued Maxwell-Bloch equations
that, under appropriate conditions, can be reduced to a single nonlin-

ear time-evolution partial differential equation for the intracavity field.
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Steady-state spatially homogeneous (uniform) solutions of this asymp-
totic equation are known. The magnitude of the uniform solution and
the system’s absorption coefficient are the pattern formation parameters.
Linear stability analysis shows that only the real part of the solution
can be unstable when the absorption coefficient exceeds a critical level.
One dimensional analysis shows that supercritical stationary equilibrium
patterns occur for an interval of the magnitude of the uniform solution.
Two dimensional analysis shows that stripes and rhombi occur depend-
ing on the pattern formation parameters. These results are in accord with

relevant experimental evidence and numerical simulations.



Acknowledgments

Abstract

List of Figures

List of Tables

1 Introduction

1.1 Problem Formulation . . ... .. ..

2 One-Dimensional Analysis

2.1 Linear Stability Analysis . . . .. ..
2.2 Swift-Hohenberg Equation . . . . . .

2.3 Nonlinear Analysis . . .. ... ...

3 Two-Dimensional Analysis

3.1 Rhombic-Planform Analysis

vi

CONTENTS

iii
iv

viii



3.2
3.3
34
3.5
3.6

Determination of the Landau Constants . . . . .. ... ..
Amplitude Equations . . . . .. ... ... . .o L.
Pattern Formation Predictions . . . . ... ... ... .. ..
Pattern Formation Predictions: An Alternate Approach . .

Contour Plots . . . . . . . . . . .

Discussion

5 Appendices

A Derivation of the Two-Level Kerr-Cavity Equation . . . . .
B Derivationof feit - . . . .o oo o
C Linear Stability Analysis . . . ... ... ...........
D  Derivation of the Modified Swift-Hohenberg Equation

E  One-Dimensional Analysis. . . .. ... ...........
F  Two-Dimensional Analysis . ... ..............
G  Stability Analysis of the Amplitude Equations . . . .. ..

References

vii



LIST OF FIGURES

1.1 Graphsof Y2versusa. . . ... ................ 6
2.1 Marginal Stability Curve in the @-f Plane . . ... ... .. 10
22 Plotofajversusa . . . .. ... . . e 15
3.1 Plots of a; and by, as well as b; = a; versus a for ¢ =30° . . 24
3.2 Plots of a; and by, as well as b; £ a; versus a for ¢ =45° . . 24
3.3 Plots of a; and by, as well as by £ a; versus a for ¢y =75° . . 25
3.4 Plots of a; and by, as well as by + a; versus a for y =90° . . 25
3.5 Plots of a; and by, as well as b; + a; versus a for ¢ =105° . 26
3.6 Plots of a; and by, as well as by £ a; versus Y fora =29 .. 27
3.7 Plots of a; and by, as well as by = a; versus ¢ fora =3.05. . 28
3.8 Plots of a; and by, as well as by = a; versus  fora =3.1 .. 28
3.9 Plots of a; and by, as well as by + a; versus  fora =32 .. 29
3.10 Plotof y; versusafory =30° . . ... ............ 30
3.11 Plotof yy versusafory =45° . . ... ....... ... .. 31

viii



3.12
3.13
3.14
3.15
3.16
3.17
3.18
3.19
3.20
3.21
3.22
3.23
3.24
3.25
3.26
3.27
3.28

4.1
4.2
4.3
4.4
4.5

Plotof yy versusafory =75 . . ... ... ... ... .. 31
Plotof y; versusafor¢y =90° . . ... ............ 32
Plot of y; versus a for ¢ =105° . . ... ... ... ... .. 32
Plotof y; versus ¢ fora =29 . ... ............. 33
Plot of y; versus ¢ fora =305 ... ... .......... 33
Plotof yy versus ¢ fora=3.1 . ... ..... ... ... .. 34
Plotof y;versus ¢ fora=32 .. ... ............ 34
Contour plot for critical pointIT . . . . . ... ... .. ... 36
Density plot for critical pointII . . .. ... .. .. .. ... 36
Contour plot for critical point Vwith¢ =90° . . ... ... 37
Density plot for critical point V with ¢ =90° . . ... ... 37
Contour plot for critical point Vwithp =45° . . . .. ... 41
Density plot for critical point V withp =45° . .. ... .. 41
Contour plot for critical point Vwith ¢ =30° . . ... ... 42
Density plot for critical point V with ¢ =30° . .. ... .. 42
Contour plot for critical point Vwith¢ =57° . . . ... .. 43
Density plot for critical point V withp =57° . .. ... .. 43
Plots of g; versus a, fori =-1,0,1,2 . ... ... ... ... 48
Contour plot for critical point III" . . . . . . ... ...... 50
Contour plot for critical pointIII” . . . . ... ........ 50
Density plot for critical point IIT* . . . . ... ... ..... 51
Density plot for critical point III" . . . . ... ... .. ... 51

ix



LIST OF TABLES

3.1 a-intervals of stable rhombic patterns . . . . ... ... .. 23
3.2 i-intervals of stable rhombic patterns . . . . .. ... ... 27
4.1 Orbital stability behavior of critical points Il and IIT* . . . . 47



Dedication

This dissertation is dedicated to my wife, Angela,

and to our children, Bernardo and Josué.

xi



CHAPTER

ONE

Introduction

Rayleigh-Bénard bouyancy-driven convection has to date provided per-
haps the best studied example of nonlinear pattern selection (reviewed
by Koschmieder [5]). One of the methods traditionally used to predict
such pattern selection is a weakly nonlinear stability analysis that, al-
though incorporating the nonlinearities of the relevant model system,
basically pivots a perturbation procedure about the critical point of lin-
ear stability theory (reviewed by Wollkind et al. [13]). The advantage
of such an approach over strictly numerical procedures is that it allows
one to deduce quantitative relationships between system parameters and
stable patterns which are valuable for experimental design and difficult
to accomplish using simulation alone. Recently, there has been consid-
erable interest generated in pattern formation and selection during the

controlled plane-front solidification of a dilute binary alloy under the

1



influence of an imposed temperature gradient and during chemical re-
actions occurring in an open gel continuously fed unstirred tank reactor.
In order to predict the sequence of interfacial morphologies and Turing
patterns actually observed during such solidification and chemical re-
actions, respectively, Wollkind et al. [14] and Wollkind and Stephenson
[15] performed the same weakly nonlinear stability analysis as originally
developed by Segel [11] to study Bénard convection cells on the gov-
erning systems of a diffusion equations appropriate for modeling these
phenomena. In particular all those investigations employed a hexagonal-
planform weakly nonlinear stability analysis to determine the relevant
parameter range for the transition between one-dimensional and hexag-
onal pattern formation.

We wish to continue this examination of nonlinear phenomena by
investigating spontaneous pattern formation in a ring cavity containing
atomic sodium vapor as its optical medium into which a laser pump
tield is being injected. That passive optical system can be modeled by
a Swift-Hohenberg nonlinear partial differential time-evolution equa-
tion describing the intracavity field and defined on an unbounded two-
dimensional planar domain. The hexagonal-planform weakly nonlinear
stability analysis on that model was performed by Edmeade [2]. We
will perform a rhombic-planform weakly nonlinear stability analysis
and then compare the results obtained with both relevant experimental
evidence and numerical simulations as well as place them in the context

of some recent pattern formation studies. We begin below with a brief
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description of the phenomenon, a sketch of the reduction procedure re-
quired to derive the model equation, and a discussion of the methodology

to be employed.

1.1 Problem Formulation

This problem is concerned with spontaneous pattern formation in an op-
tical ring cavity containing a purely absorptive two-level atomic sodium
vapor medium. Under appropriate conditions, diffraction of radiation
can induce transverse patterns consisting of stripes, squares, and hexag-
onal arrays of bright spots or honeycombs in an initially uniform plane
wave configuration [1, 9]. Pattern formation in this phenomenon can be
studied theoretically by coupling Maxwell’s equation for the intracav-
ity field with the nonlinear Bloch equations for the atomic variables to
obtain the nondimensionalized complex system involving the indepen-

dent variables t = time and (x, y) = traverse Cartesian coordinates with

V2 = 92/9x* + 9%/ dy*:

Xi = —(1+i0)X +Y - P +ixV?X, (1.1a)
e1Py = fX = (1 +iA)P, (1.1b)
erfi=1-f—(X'P+ XP")/2. (1.1¢)

This set of coupled Maxwell-Bloch equations is the well studied mean-

field ring cavity model [3, 7, 10]. Here X and Y are the internal cavity
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and injected pump fields; P and f, the atomic polarization and popula-
tion difference between the upper and lower levels; 0 and A, the cavity
mistuning and atomic detuning parameters; f and yx, the coefficients of
absorption and diffraction; and ¢;, = x/x1, where « is the dimensional
decay rate associated with X while «x;, bear a similar relationship to P
and f, respectively. Further an asterisked quantity denotes its complex
conjugate. Steady state spatially homogeneous solutions exist when the
pump field, Y, is constant and has no transverse variation. Stable equi-
librium patterns arise through instability of these solutions [3]. Should
€12 < 1, as is typically the case, one can employ a steady-state assump-
tionon (1.1b,1.1c) to yield the quasi-equilibrium conditions for the atomic

variables (see [3] and Appendix A)

f=@1+A%)/1+ A+ XP), (1.2a)

P=(1-A%/1+A+|XP), (1.2b)

where |X[* = XX*, which reduces the system of (1.1) to a single nonlinear

time-evolution equation that describes the intracavity field X:

B(1 - iA)

Xi=-X[14+i0+ —————
1+ A%+ |X]

+Y +ixyV?X. (1.3)

Equation (1.3) is the two-level generalization of the Kerr cavity, gener-
alized to include diffraction [6]. The limits of validity of this approxima-

tion remain a subject of debate; however, for this paper it is assumed that
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0 = 0 (1) and the limit |A] — 0 remains regular. Under these conditions
the results for O finite and A = 0 are robust enough to approximate well
the behavior of a near-resonant ring cavity system [3]. Because the input
field is a plane wave, there exists a steady-state spatially homogeneous
solution, X = X, to equation (1.3) when Y is a real positive constant

satisfying the steady state equation

Y2 = a[(1 +p/D)* + (0 - BA/D)?], (1.4)

where a = [Xof* and D =1+ A? + a. Equation (1.4) is single valued in Y
with respect to a provided 0 < B < i, Wwhere B satisfies (see [10] and

Appendix B)

27Bi(1 + AP (1 + 0%) = (Berit — 2 + 2A0)°. (1.5)

For the particular values of 6 = =1 and A = 0, we have that . = 10.2.
Equation (1.4) links the input field intensity Y? and the transmitted
field intensity a. Graphs of a versus Y? are shown in figure 1.1 for several
values of 8. The shaded region between the vertical lines indicates the
interval where optical patterns may form (see section 2.3). For f > i
the graph yields an S-shaped curve [7], but in our region of interest, it

yields a single valued function.
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lines indicates the interval where optical patterns may form



CHAPTER

TWO

One-Dimensional Analysis

In order to investigate the fate of infinitesimal and finite amplitude dis-
turbances to the uniform state, Xy, we introduce X = Xy(1 + A) into

equation (1.3) and retain terms through third order in A to obtain

1 dFO,0) .. . s
;;(n—l)'l' - @A*A A+ iy V2A, (2.1)

where

B(1 - iA)

1+A2+a(1+A)(1+AY)]| 22)

FALA)Y=-(1+A) [1 +10 +

and

A=R+il



2.1 Linear Stability Analysis

The linear stability of the uniform solution, Xj, can be investigated when

n = 1 in equation (2.1) for the one-dimensional situation of V? = 9*/dx?

or

0A (1+A%  [PA+ A% .
EZAl_l_‘B 77 +1{ﬁ 77 —6}]+A_
dA”* . B+ A%  (BAQ +A?)
B

a(l—id)] A
D2 W ox2

Ba(l+iA)] . PA

D2 ~ix ox?’

by employing the following normal mode expansion [6]:

[A,A] = [ky, ko] €™ cos(gx), where |k + ko> # 0, (2.3)

which yields the eigenvalue problem

1+ A? A(1 + A?)
Ok1 = [—1 - % +1{ﬁ(T — (Q +Xq2)}
1+ A? A(1 + A?)
Okz = [—1 — % +1{5(T — (Q +Xq2)}
and results in the quadratic secular equation
1+ A?
o?+2 1+% U+6(9+Xq2)

k1 + Uo7

Ba(l - iA)] b

Ba(l +1iA)

kz + Uo7

kl/

=0, (2.4)



where

V) e sy

A1 + A?
[ﬁ +A) -0+ xq)| - D

N9+xf)=|

After Firth and Scroggie [3], we will focus on the resonant-excitation

case, A = 0, which reduces equation (2.4) to the following equation in o:

B+a+DBA—-a)+ (a+1)7]
(a+1)3

p

1+
(a+1)?

+O@+x7)* =0
(2.5)

o> +2

The marginal curve for equation (2.5) on which ¢ = 0 has its lowest
threshold in (a, f)-space when (6 + xg*) = 0, that is, when g = g, with
g7 = —0/ x. Here g2 is positive and represents the transverse wave number
of the most unstable mode. It follows that for g = q., equation (2.5) has

the following roots:

-1
or(a, ) = -1+ % (2.6a)
or(a,p) =-1- " f_ 1/ (2.6b)

where 0y, the growth rate of the most dominant mode, gives the marginal

stability curve

2
p=poley = C2, 27)

and o; is strongly stabilizing. (See Appendix C for a detailed linear

stability analysis on equation (1.1)).
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Figure 2.1: Marginal Stability Curve in the a-8 Plane

The marginal stability curve shows that the system is unstable for
B > Po and corresponds to |9 + )(qzi # 0. This means that the system
becomes unstable when the cavity is mistuned in such a direction that
the wavelenght of the light is shorter than that of the nearby cavity
mode. These off axis waves can exactly fit the cavity, and it is this fitting
requirement that determines the transverse wave vector, 4., of the most

unstable mode [3, 7].
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2.2 Swift-Hohenberg Equation

In order to analyze the system’s nonlinear behavior we employ the fol-
lowing: substituting A = R + il into equations (2.1) and (2.2), and sepa-
rating real and imaginary parts we derive equations for R; and I; which
when 6 = —xg? have growth rates or and o; respectively. Making use of

these facts to deduce the quasiequilibrium condition

I~ = [x/ona, ] (V* + )R (2.8)

from the latter and employing this to eliminate I from the former, we

obtain the modified Swift-Hohenberg equation (see Appendix D)

R; ~ on(a HIR — wofar HR® (e, O’ + | — (’;2 5)] (V+g)'R (9)
where

or(a,B) = —1+ [(32“;1;) (2.10)

oi(a, p) = —1 - % (2.11)

xg-=-0=1 (2.12)

wola, ) = % (2.13)

o, p) ="t “[8?0;(2‘): ] (2.14)

11



According to Firth and Scroggie [3], this equation displays all the essential
features of the system, and qualitatively explains all their numerical
results. Equation (2.9) is valid only where the spatial spectrum of R is

concentrated around g = ..
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2.3 Nonlinear Analysis

In order to investigate the stability of the steady state uniform solution,
Xy, to one dimensional perturbations we assume the following nonlinear

expansion to the model equation:

R ~ Aq(t) cos(qcx)+A%(t)[R20 +R», cos(Zqu)]+Af[R31 cos(gcx)+Rs3 cos(3g.x)].
(2.15)

The amplitude function is given by:
Ai(b) ~ 0Ay(t) — m A3(H), (2.16)

where g, is the critical wave number of linear stability theory, o is the

growth of the most dominant mode, and 4; is the Landau constant [13].
The nontrivial critical point of the amplitude function is given by:
0
Al =—.
1T
This critical point exists when ¢ and a; have the same sign. The system is
subcritically unstable for 0 and 4; negative, and the system re-equilibrates
supercritically for o and a; positive. The latter corresponds to pattern
formation [13], i.e., finite amplitude perturbations change the system
from the linearly unstable uniform state to a stable nonuniform state.

Substitution of the expansions of equations (2.15) and (2.16) into equa-

tion (2.9) results in a sequence of problems (see Appendix E), one for
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each pair of values of m and n corresponding to a term of the form

A''(t) cos(ng.x):

e The m = n =1 problem gives the linear theory result

[
—
=
(¢”)
2
I
N
oY)
=}
Q.
S
I
(@]
3
=
Q
S,
[¢°]
=
<
<.
®,
Q.
[92]

[
-
=
¢}
I
I
N
o]
)
Q.
S
I
N
e
S
=)
o
=
<
<.
®,
Q.
V2]

The m = 3 and n = 1 problem yields

3w
30R31 — a1 = 0rR31 — @wo(2Ro0 + Ryn) — Tl

To evaluate the Landau constant a; we employ a Fredholm-type solv-

ability condition in the limit as § — . This yields

3w
a1 = [wo(2R0 + Rap) + Tl]

B=po

14



which implies

afo(a) 19 oc(oc—i%)2 3
al(a):(ai1)4{_3[ a1 ] +Z[8“_(“+1)2]}'

From the graph of a; versus a shown in figure 2.2 we see that a; > 0
when a; = 2.14306 < a < 4.16712 = a,. Figure 2.1 shows oz > 0 when
B > Po. Since instabilities arise only if § > By we can conclude that
the system re-equilibrates supercritically for o € (2.14306, 4.16712). It
follows that stable equilibrium patterns form for this range of a.

ai
1.5¢

Figure 2.2: Plot of a; versus «

15



CHAPTER

THREE

Two-Dimensional Analysis

One-dimensional analysis reveals that spontaneous pattern formation
occurs in the ring cavity system when a; = 2.14306 < a < 4.16712 =
a,. That is, the system is supercritically stable for the nondimensional
square of the uniform steady-state intracavity field in this range, and
the nondimensional absorption coefficient such that § > ;. While one-
dimensional analysis reveals the parameter values for which the system
is supercritically stable, and corresponds to pattern formation, we are

interested in the types of patterns that exists for « in this range.
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3.1 Rhombic-Planform Analysis

In order to investigate the possibility of occurrence of rhombic patterns,

we seek a solution of our model equation of the form

R(x,y,t) ~ A1(t) cos(g.x)+Bi(t) cos(qcz)+A%(t)R20(x)+A1(t)B1(t)R11(x, z)+
+ BI(H)R2(2) + AJ(H)R30(x) + A(£)B1(t)Raa (¥, 2) +

+ A1 ()BT (H)R12(x, 2) + B{(HRes(2), (3.1)
where

z = xcos(y) + ysin()
Ra0(x) = Raooo + Raozo c0s(24x)
Ri1(x,2) = Ry111 cos[ge(x + z)] + Ri11(-1) cos[gc(x — z)]
Roa(x) = Ropo0 + Rozo2 c0s(24.2)
R30(x) = R3p10 cos(gcx) + Rzoz0 cos(34cx)
Ry1(x,z) = Rai01 c0s(qcz) + Rai21 cos[qc(2x + z)] + Roin-1) cos[q.(2x — z)]
Riz(x,z) = Ryp10 cos(gcx) + Riz12 cos[gc(x + 22)] + Ri21(—2) cos[gc(x — 2z)]

Roz(x) = Rozo1 cos(gcz) + Rozos cos(34.2),

17



and A;, B; satisfy the amplitude equations

A
% ~ A1 — Ay A2 + b, B?) (3.2a)
% ~ 0B, — Bl(blA% + (ZlB%). (32b)

Here we are employing the notation R, for the coefficient of each

term of (3.1) of the form A{Bl1 cos[g.(mx + nz)].

18



3.2 Determination of the Landau Constants

In order to determine the Landau constants, we substitute the expansion
of equation (3.1) into equation (2.9). Solving the resulting sequence of

problems (see Appendix F), we find that

pla—-1)
=ogp=-1+—
0= OR (a+1)?
wo/2
Ragoo = — s |
OR — UI
wp/2
Rogo = —0—/_1
or — 90,
Wo
Rimn=-
Hi or — 07 [1 + 2 cos(y)]?
W
Ri1q<1) = = 0

og — 07 [1 =2 cos(y)]?
and that the Landau constants, 4; and b, satisfy the following:
30R3z010 — @1 = 0rR3010 — (2R2000 + Roo20)@wo — %wl (3.3a)

30R2101 — b1 = 0rR2101 — (2R2000 + Ri111 + Rigy-ny)wo — %wl- (3.3b)

Taking the limit as § — fy in equation (3.3) yields the following expres-

sions for the Landau constants:

apola) [ 19[a(@-3)] 3
e A =y RE ORI o

by

_ apo(a) ~ [a(a—3) 2 3 + 16 cos*(y))

3
=Gy o (1 3 4COS2(¢))2 + —[80( —(a+ 1)2]

2

(3.5)

19



We can see from these equations that if & = a, = 3, b; = 2a;, and so by

does not depend on .

20



3.3 Amplitude Equations

Having developed this formulae for the Landau constants, we now turn
our attention to the rhombic planform amplitude equations (3.2) which

possess the following equivalence classes of critical points A;(t) = A,

Bl(t) = Boi
I: A() = BO = 0, (36a)
II: A5 =0/a1, By =0; (3.6b)
V: Ay = By, with AS =0/(a + by). (3.6¢0)

Equivalence classes III and IV will be dealt with in chapter 4.
Assuming that 41,41 + b; > 0 and investigating the stability of these

critical points by seeking a solution of (3.2) of the form
Ai(t) = Ag+ecie +0 (82) , Bi(t) = By+ecd’' +0 (82) , with |e| < 1, (3.7)

one finds that the equation satisfied by p has the associated roots (see

Appendix G)
L:pip=o0, (3.8a)
:py =-20, p=(1-0bi/ay)o, (3.8b)
V. p1 = —20, P2 = 2(b1 - [11)(7/(&1 + bl), (38C)

which yield the stability criteria that I is stable for o < 0; II, for ¢ > 0,

by >a;and V, foro > 0, a; > b;.

21



Note that I and II, as in the one-dimensional analysis, represent the
undisturbed and striped states, respectively, while V can be identified
with a rhombic pattern (see section 3.6). Note also that these three states
are mutually exclusive, that is, no two states are stable in the same region

of parameter state.
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3.4 Pattern Formation Predictions

In this section we use the stability criteria above to find a-intervals where
rhombic patterns arise. Toward this end, we examine the signs of a; + b,
and by —a; for a; < a < ap and 0 < ¢ < /2, with 1/2 (or equivalently
90°) representing a square planform.

We first illustrate this procedure for a few fixed values of a by plotting
a1 + by and b; — a; versus a. We also plot a; and b; for the sake of
completeness. In these graphs, the two a-intervals of stable rhombic
patterns, where a; + b; > 0 and b; —a; < 0, are denoted by shading, while
table 3.1 summarizes our results. Observe that for the a values between
these intervals, a1, b1 —a; > 0 and hence there exist stable stripes, while for
those to the left of the left-hand interval and to the right of the right-hand

one no patterns are predicted by this analysis.

a-intervals

[2.21497,2.31534], [3.87633,4.04226]

[2.39792,2.57094], [3.49943,3.74739]

[2.35493, 2.52338], [3.56465, 3.81365]

[2.21497,2.31534], [3.87633,4.04226]

[2.35493, 2.52338], [3.56465, 3.81365]

SRS EESEIEYE=,

Table 3.1: a-intervals of stable rhombic patterns for different values of i

23



Figure 3.1: Plots of a; and by, as well as by + a; versus a for iy = 30°

ay
2,
——-by
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1 /\\ —b1+a1
\
0.5 ) \ — bi-a;
/—\
| ‘ \ ‘ a
2f Il 3 N o4 5 6
-0.5 \
I A

Figure 3.2: Plots of a; and by, as well as b; + a; versus a for ¢ = 45°
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Figure 3.3: Plots of a; and by, as well as b; + a; versus a for iy = 75°

Figure 3.4: Plots of a; and by, as well as b; + a; versus a for ¢ = 90°
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Figure 3.5: Plots of a4; and by, as well as b; + a; versus a for i = 105°

Next we plot our Landau constant stability curves for fixed values of
a versus 0 < ¢ < n, with the companion table 3.2. Restricting ourselves
to the interval of interest 0 < ¢ < 1/2, we see that there are two bands of
stable rhombic patterns flanking /3, which have again been designated
by shading, with no pattern between these bands and stable stripes
outside of them. The figures have been drawn for the extended interval
/2 < ¢ < 1 in order to demonstrate graphically the symmetry about
Y = m/2 characteristic of rhombic patterns. We also observe from the
figures that there exist no stable rhombic patterns of characteristic angle

1/3 by virtue of the fact that

Iim by(a, —00, 3.9
P 1(a, ) — —o0 (3.9)
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a Y-intervals

29 [0.99546,1.01746], [1.07644,1.09744],
[2.04415,2.06516], [2.12413,2.14613]

3.05 [1.02171,1.03252, ], [1.06175,1.07232],
[2.06928,2.07984], [2.10907,2.11988]

31 [0.99710,1.01845], [1.07548,1.09581],
[2.04578,2.06611], [2.12314,2.14441]

39 [0.94668,0.98946], [1.10308,1.14228],
[1.99931,2.03851], [2.15213,2.19491]

Table 3.2: i-intervals of stable rhombic patterns for different values of o

o — — I -
1.5¢
_______ NI 2N | ——— Dby +a;
\
1 0 i
0.5 — bi-a;
0.5 1.5 2 2.5 3V
-0.5

Figure 3.6: Plots of a; and by, as well as b; + a; versus ¢ for a = 2.9
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Figure 3.7: Plots of a; and by, as well as b; + a; versus i for a = 3.05
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Figure 3.8: Plots of a; and by, as well as b; + a; versus ¢ for a = 3.1
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Figure 3.9: Plots of a; and by, as well as b; + a; versus ¢ for a = 3.2
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3.5 Pattern Formation Predictions:
An Alternate Approach

The analysis performed in the previous section can be done in a different,

and much easier. Motivated by Geddes et al. [4], define the parameter

bl (0(, ¢)

a1 ()

yi(a, ) =

Then we see that it is sufficient to have -1 < y; < 1, since we need
a,m+b; >0and by —a3 < Ofora; < a < apand 0 < ¢ < /2.
Figures 3.10-3.18 give the same results as figures 3.1-3.9, but using y

instead of a; and b;.

Y1

2,
1 st m
1-_-

Figure 3.10: Plot of y; versus a for ¢ = 30°
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Figure 3.11: Plot of y; versus a for ip = 45°

Figure 3.12: Plot of y; versus a for ip = 75°
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Figure 3.13: Plot of y; versus a for i = 90°

Figure 3.14: Plot of y; versus a for ¢ = 105°
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Figure 3.15: Plot of y; versus 1 for a = 2.9

Y1
l ____________
0.5
.51
.50
_2,

Figure 3.16: Plot of y; versus 1 for a = 3.05
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Figure 3.17: Plot of y; versus ¢ for a = 3.1
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Figure 3.18: Plot of y; versus 1 for a = 3.2
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3.6 Contour Plots

We close this chapter with a morphological instability interpretation of
the potentially stable critical points Il and V of our amplitude equations
when o > 0 relative to the optical patterns under investigation. To lowest
order the steady-state equilibrium solution of the governing perturbation

evolution equation satisfies
}im R(x,y,t) ~ Ro(x, y) = Agcos(2mx/A;) + By cos(2mz/A,), (3.10)

where A. = 21/q..

We represent the contour and density plots for this function with
Ay > 0 and By = 0 relevant to the critical point II in the x-y plane of
figures 3.19 and 3.20. Here the spatial variables are measured in units of
Ac, with elevations appearing light and depressions dark. Clearly such
alternating light and dark parallel bands produced by this critical point
should be identified with a striped optical pattern as anticipated above.
In order to make an analogous interpretation of the critical point V we
consider our function Ry, with By = Ay > 0 and allow ¢ to take on both
some of the values on table 3.1. We represent the contour and density
plots for that function with 1 = 90° in figures 3.21 and 3.22. From the
checkerboard structure of the latter it is equally clear that this critical

point should be identified with an optical pattern of square planform.
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Figure 3.19: Contour plot for critical point II
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Figure 3.20: Density plot for critical point II
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Figure 3.21: Contour plot for critical point V with ¢ = 90°
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Figure 3.22: Density plot for critical point V with i = 90°
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Finally, in a similar manner we generate the contour plots for other

values of 1, which form a family of rectang]es.

To demonstrate this for any 1, we first put (3.10) for the critical point

V in the form

Ro(x, y) = Ag [cos(2mx/A.) + cos(2mz/A.)] = 2Ap cos(wq) cos(wz), (3.11a)

where
W + Wy = 21X/ A, @1 — @, = 2mz/A,, (3.11b)
or
w1 = (x +2)/ A = (/7o) [{1 + cos(y)} x + sin(®)y], (3.12a)
and
wr = T~ 2)/A = (A [~ cos()} x —sin(@)y] . (3.12b)

From (3.11) and (3.12) we can then deduce that the intersecting level
curves in the associated contour plot are two families of straight lines

possessing slopes of

my = —[1+ cos(y)] / sin(y)), my = [1 — cos(y)] / sin(y), (3.13a)
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respectively, which intersect at right angles since

mymy = - |1 - cos’(y)] / sin(y) = - sin’(y)/sin’(y) = -1.  (3.13b)

Given that in general this is a rectangular planform we need to explain in
what sense such a critical point can be identified with a rhombic pattern.
To do so we form the quadrilateral depicted by dashed lines in figure 3.23.
Its sides are each composed of two half-diagonals, collectively contained
in the four light rectangles surrounding a dark one. Thus, each side of

that quadrilateral has the length of one of these diagonals
A=A/ sin(y), (3.14a)

where ¢ is its characteristic angle 0 < 1 < 1/2, and hence the quadri-
lateral is a thombus. Further, 1 also plays a role in characterizing the

family of rectangles. Each member of that family has aspect ratio
w/L = tan(y/2), (3.14b)

where w and L are its width and length, respectively, while /2 serves as

its angle of inclination as well, an assertation most easily verified by the
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relation

_[1-cos@)|*_ [I1 - cos(@)P| "
tan(y/2) = {TOS(HD)} {TSZ(IP)}

_ |1 —cos(y) 2) 2 _ 1—cos(y) _
B [sm—(w) T i)

(3.14c)

Therefore, we can refer to such an optical pattern as a thombic array of

rectangles.
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Figure 3.23: Contour plot for critical point V with 1) = 45°. Here, the
quadrilateral formed by dashed lines depicts the rhombic symmetry of
the rectangular pattern
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Figure 3.24: Density plot for critical point V with 1) = 45°
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Figure 3.25: Contour plot for critical point V with ¢ = 30°

4

Figure 3.26: Density plot for critical point V with i = 30°
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Figure 3.27: Contour plot for critical point V with ¢ = 57°
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Figure 3.28: Density plot for critical point V with i) = 57°
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CHAPTER

FOUR

Discussion

In this dissertation the development of spontaneous stationary equilib-
rium optical patterns in an atomic sodium vapor ring cavity was in-
vestigated by means of a rhombic-planform weakly nonlinear stability
analysis applied to equation (2.9), while the hexagonal-planform weakly
nonlinear stability analysis was performed by Edmeade [?].

For the rhombic analysis, we sought weakly nonlinear solutions to

equation (2.9) which to lowest order satisty

R(x,y,t) ~ Ai(t) cos(gcx) + B1(t) cos(gcz),
(4.1a)

z = xcos(y) + ysin(y)
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such that

% ~ GAl - Al(ﬂllA% + b1B%),
dt
4B (4.1b)
—1 . 0B — Bl(blA% + alB%),
dt
while for the hexagonal one (see [2, 8]), the solution satisfies
R(x, y, t) ~ Aq(t) cos[gex + Pr(£)] +
+ Ay(t) cos [%qc(x — V3y) - cf)z(t)] + (4.2a)

+ As(t) cos [%qc(x + V3y) - ¢3(t)] ,

where
LN Ay~ A Arcos(dy + ¢+ ) — A AT + 20(4% + AD)], (420)
do; .
Ai—— ~ 4agA;Arsin(¢; + ¢ + Py),
dt (4.2¢)

(i, j, k) = even permutation of (1, 2, 3).

Our analysis of section 3.3 shows that equations (4.1b) possess the fol-
lowing equivalence classes of critical points: I : Ay = By = 0;
Il : Aj = o/a;, By = 0; V: Ay = By, with A] = /(a1 + b;). Assuming
that 41,41 + by > 0, we investigated the stability of these critical points
and found that I is stable for 0 < 0; II, for o > 0, b; > a;; and V, for o > 0,
a1 > by. Equivalence classes I and Il represent the undisturbed and striped

states, respectively, while V can be identified with a rhombic array of
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rectangles of characteristic angle ¢ (see section 3.6). We used these crite-
ria to find a-intervals where rhombic patterns arise. Toward this end, we
examined the signs of a; + by and by —a; forag < a <a;and 0 < ¢ < m/2,
with 11/2 (or equivalently 90°) representing a square planform, using the
explicit formulae for 4; and b; given by equations (3.4) and (3.5). Ta-
bles 3.1 and 3.2, together with figures 3.1-3.9 summarize our results. We
see in these figures that for a fixed value of alpha there are two narrow
bands of stable rhombic patterns flanking 1 = 1/3 with no pattern be-
tween these bands and stable stripes outside them. There exist no stable
rhombic patterns of characteristic angle /3. Wollkind and Stephenson

[15] conjectured that this angle was reserved for hexagonal arrays.

For the sake of completeness, we include here a summary of the
results of Edmeade [2]. In cataloguing the critical points of (4.2b,c), and
summarizing their orbital stability behaviour it is necessary to employ

the quantities

o_1 = —4a§/(a1 +4a,), 01 = 16a1a§/(2a2 — a1)2,
(4.3)
0y =32(ay + az)ag/(Zaz - al)z.

There exist equivalence classes of (4.2b,c) given by ¢ = ¢, = ¢p3 = 0 and
IIAl =A2=A3=0;II:A%=G/Q1,A2=A3=0;IIIi—ZAl =A2=A3=

Af = {-2a0 + [4a3 + (a1 + 4a2)0]?}/(ay + 4an); IV @ Ay = —4ag/(2a, — 11),

0
A2 = A} = (0 - 01)/ (a1 + 2a,); where it is assumed that a;, a; +4a, > 0. The

orbital stability conditions for these critical points can be posed in terms
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ap | 2a, — a; | Stable Structures

+ | —,0 III" foro > 04

+ | + III" foro_y <o <oy, lIforo > o0,
0| - II* foro > 0

0+ IIforo >0

- |+ I foro_; <o <0y, foro > o0y
-1 -0 II" for o > 04

Table 4.1: Orbital stability behavior of critical points I and III*

of 0. Thus critical point I is stable in this sense for o < 0 while the stability
behavior of II and III* which depends upon the signs of a9 and 2a, — a;
as well has been summarized in table 4.1. Here, when stable, II and IIT*
represent one- and two-dimensional periodic structures, respectively,
the latter pattern exhibiting hexagonal symmetry in the plane such that
A5 > 0and A; < 0. Finally, critical point IV, which reduces to II for
o = 071 and to III* for 0 = 0, and hence called a generalized cell, is
not stable for any value of 0. For our problem (see [2]), critical points
I and II represent the undisturbed state and the supercritical state of
stripe patterns, respectively, while critical point III" can be identified
with hexagonal arrays of dots or bright spots, and III" with hexagonal

arrays of nets or honeycombs (see figures 4.2-4.5).

In order to compare these theoretical results with experimental obser-
vation and numerical simulations, Edmeade [?] represented the results

of table 4.1 graphically in the a-f plane. There exists a critical value that
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Figure 4.1: Plots of ; versus a, for i = —1,0,1,2. The shaded regions
indicate the a-intervals where square patterns may arise

satisfies the conditions

ap=0fora=a,, (4.4a)
ap <0 fora < a, (4.4b)
ap > 0 for a > a,. (4.40)

This value was determined to be a, = 3. In addition, Edmeade [2] defined
the quantities

Bi = Poloi + 1) (4.5)

fori =-1,0,1,2. Graphs of Bi(a), fori = —1,0, 1, 2, are shown in figure 4.1.

As usual, a represents the square of the magnitude of the intracavity
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field and g represents the absorption coefficient. From equations (4.4),
table 4.1 and figure 4.1 we can deduce that stripes form for a = a, = 3,
honeycombs for a < a,, and spots for @ > a., which is consistent with
the results of Firth and Scroggie [3].

In addition, the regions of the a-f plane where stable square patterns
may arise is denoted by shading. According to Edmeade [?], hexagons
and stripes may coexist when f; < < f,, and stripes alone exist for
B > B». Firth and Scroggie [3] did not observe this coexistence with their
numerical simulations. This is because the regions of coexistence fall
in the shaded region where square patterns arise. In this region stripes
cannot exist at all, since they are unstable with respect to squares, unless
a = a., where 8 attains its minimum. For this value of @ neither hexagons
nor rhombi can exist, but for a = a, the region where hexagonal patterns
form is very small, and thus rhombic patterns dominate. However for
these values of a (see table 3.1), ¥ = 1/3, and so the rhombic pattern
resembles a hexagonal one.

Another feature of our stability analysis is that it shows that patterns
saturate at cubic order, even though Geddes et al. [4] insist that these
patterns saturate at quintic order. Their problem is not the same as
ours, but it is similar. They obtained square and hexagonal patterns
with their numerical simulations, although these numerical results do
not agree with their analytic results. We, on the other hand, obtained
such patterns analytically, and our weak solution (3.1) can be used in

numerical simulations to generate rhombic-patterns.
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Figure 4.2: Contour plot for critical point IIT*
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Figure 4.3: Contour plot for critical point III™
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Figure 4.4: Density plot for critical point IIT*
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Figure 4.5: Density plot for critical point III"
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A Derivation of the Two-Level Kerr-Cavity

Equation

Consider the Maxwel-Bloch equations

Xi = —(1+i0)X +Y - BP +ixV?X, (A.1)
e1Py = fX - (1 +iA)P, (A.2)
erfi=1-f-LXP+XP). (A.3)

Letting 1, — 0 we obtain

P = X A4
S 1+iA Aad)
f=1-Re(X"P). (A.5)
Substituting equation (A.4) into equation (A.5) yields
ot
1+ AY
and solving for f we obtain
1+ A2
= A.6
f 1+ A2+ |XP (4.6)

Substituting equation (A.6) into equation (A.4) gives the quasi-equilibrium
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conditions

1+ A2
__ a8 A7
f 1+ A2 + |X]? (A7)
_(1-iNX (A8)
1+ A2+ XP '

Substituting equations (A.8) into equation (A.1) reduces the system to

the single model equation in X given by

B(1 - iA)

Xi=-X[1+i0+ ———
1+ A2+ [X]

+Y +iy VX (A.9)
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B Derivation of

Consider the following

B(L - iA)

Xt:—X[1+iQ+

Let X = X, be a constant solution to equation (B.1). We have, then,
A
T o PR |
1+ A% + |X] 1+ A+ |X]
and so [Y|* = YY" yields
Y?=q

2 2
(1+%) +(6—%) } (B.2)

where a = |Xo, D = 1+ A + a and assuming Y € R (see [7]).

Multiplying equation (B.2) by D? we obtain

D*Y? = a[(D + P + (0D — BAY?]

= a[(1+ 0H)D* +26(1 — AO)D + (1 + A*)B?],

and hence

2p(1-40) p(1+A%)

2 _ 2
Yo=a|(1+06%)+ D 77

55



Making use of the following;:

d (a)_D—aZ)'

da\D/) D2
1+ A?
=
i(i)_ D% - 2aDDY
da \D? DA
1+ A -a
=—0
we obtain
dy? 2B(1 - AO)1 +A%)  BA(1+ A% —a)(1 + A?)
- (1+0%+ o) + Io8
or
3dY2 2\ 3 2 2 2 2
D i =(1+0)D° +2(1 - AO)1+A)D + (1 + A% —a)(1 + A%).

(B.3)

We now focus on the right-hand side of equation (B.3). Substituting

—a =1+ A? — D into equation (B.3) we obtain

(1+ 01D’ + [2(1 = AO) — B21(1 + A)D + 2B%(1 + A*)* = 0

for ﬁ = ,Bcrit-
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Following the method of Uspensky [12], consider z* + bz + ¢ = 0 and

43 4+ 27¢% = 0, where

1+ A2
= (m) [28(1 — AB) - 2],
and
281+ AP
14062
Then

1+ A?
1+ 062

3 1+ 4%\ 2 2 3
- 48 (1+92) [278(1 + A%)(1 + 6%) — (B — 2(1 — AO)].

4841 + A2)*

3
4p° +27¢% = 4[33( ) [2(1 = AO) - B +27 -

Therefore,

43 + 2762 =0

if and only if

278(1 + A*)(1 + 0%) = (B — 2(1 — AO)),

which is satistied for g = . Thus, B is defined implicitly by

27,8crit(1 + Az)(l + 62) = (ﬁcrit - 2(1 - AG))S
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C Linear Stability Analysis

Consider the Maxwell-Bloch equations (A.1)-(A.3),and let X = X, P = P,

and f = f, be constant solutions. From equation (A.1),
0=-(1+1i0)Xo + Y — Py,
since X; = V2X = 0. Then
Yy = (1 +10)X, + BPo. (C.1)
From equations (A.2)—(A.3),

0= foXQ — (1 + IA)PO

0=1-fo— 2(X;Po + XoP;) =1 - fo — Re(X;Po).

Solving for {fy, Po}:
_ foXo
T 1+iA €2
fo =1—-Re(X;Po). (C.3)
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Substituting (C.2) into (C.3):

foXo folXol? (1 —iA)
=1-Re|X =1-R
f e( 0T +iA 1
o folXel
- 1+ A2’

and solving this equation for f, we obtain

Xol” \ _ , (1+ A2 +1Xol) _
f0(1+1+A2 = fo 1T A2 =1

or

1+ A2 1+ A?

:1+A2+|X|2_ D where D =1+ A% +a, a = |Xo,
0

fo

and substituting into (C.2),

_Q+AYX, 1+ A)Xy 1-iA
T 14D T 1+iA)D 1-iA’

Le.,
_ (1-iA)X,

P
0 D
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Now, let
X=Xo(1+A), P=P(1+B), f=/f(1+CO).
Thus, from (A.1) and (C.1),

XoA; = —(1 +i0)Xo(1 + A) + (1 +10)Xo + BPy — BPo(1 + B) +ixX,V*A

= —(1 +i0)XpA — BPyB + ixX,V*A

—iA)X,

1
= —(1+i0) XA — ﬁ( ) B +ixXoV?A,

or
(1-iA)

A= ~(1+i0)A - p—

B +ixV2A. (C.4)

From (A.2)

€1POBt = fo(l + C)Xo(l + A) - (1 + IA)Po(l + B)
= (1+iA)Py(1+C)1Q+A) — (1 +iA)Py(1 + B)

=(1+iA)P(1+A+C+AC—-1-B)

or

1B; = (1 +iA)(A + C + AC — B). (C.5)
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From (A.3)

£2/0C = 1= fo(1+ C) = 1X;Po(1 + A")(1 + B) — 1XoP;(1 + A)(1 + BY)
(1 -iA)

=1-fy— foC— %XSTXO(l +A"(1+B) +
1+iA
- %Xo(+—z)l)xg(1 + A)1+B)

or

1+ A2

&En D Ct:

a 1+ A2 (1-1A) . . (1 +iA) . .
=5" "D C- D a(l+A*+B+A'B) - D a(l+A+B*+AB"),
ie.,

e2(1+A%)C; = —=(1+A*)C-1(1-iA)a(A*+B+A'B)- 1(1+iA)a(A+B +AB").

(C.6)
We have, then, that
1-iA
A =—(1+i0)A —5( @1 )B +iy VA
A= —-ig)a - gL B p vz

e1Br=(1+iA)A+C+ AC-B)
&B; =(1-1iA)A"+C+A'C-B)

&1+ A%)Cr = -1+ A)C - 11 -iA)a(A* + B+ AB) — L(1 +iA)a(A + B* + AB).
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We seek a solution of the form
[A/ A*/ B/ B*/ C] (x/ t) = [kll kZ/ k3/ k4/ k5]emL Cos(qx)'
Examine

[k]-e"t cos(qx)]t = ok;e” cos(gx)

% [k]-e“t cos(qx)] = [kje“t cos(qx)]xx = —q°k;e” cos(qx).

Thus:

okie” cos(gx) =

= —(1+i0)k,e”" cos(gx)—B(1—iA)kse™ cos(qx)/D—ixg*kie” cos(gx)

or ok = —(1 +i0)k; — B(1 = iAYks/D — ixq*k;.
A"
okye” cos(gx) =
= —(1-i0)k,e” cos(gx) — B(1+iA)kse” cos(gx)/ D+ixq ke’ cos(gx)
or oky = —(1 —i0)ky — B(1 + iAYks/D + ixq*ks.
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e10kze” cos(gx) =

20t

= (1+iA) (kle“t cos(gx) + kse”' cos(gx) + kikse®” cos?(gx) — kze” cos(qx))

or e10ks = (1 +iA)(ky — k3 + ks) + (1 + iA)k1kse cos(gx).

e10kse” cos(gx) =

20t

= (1-iA) (kze“t cos(gx) + kse’' cos(gx) + kokse®” cos?(gx) — kye” cos(qx))

or e10ky = (1 —iA)(ka — kg + ks) + (1 — iA)kokse” cos(gx).

e2(1 + A?)okse” cos(gx) = —(1 + A*)kse™ cos(gx) +

20t

- 11 -iA)a [kze“t cos(gx) + kze” cos(gx) + kokze cosz(qx)] +

- 11 +iA)e [kle“t cos(gx) + kye”* cos(gx) + kikye®”! cos2(qx)]

or

e2(1+A%)oks = —(1+A%)ks — L1 —iA)a(ky +ks) — L (1 +iA)a(ky +ks) +

— 2(1 — iA)akokse™ cos(gx) — 3(1 + iA)ak kse” cos(gx).
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Ignoring terms of O (k,k,), we have an eigenvalue problem of order 5,

which has nontrivial solutions when

G+a 0 pr/D 0 0

0 o+a 0  Bb/D 0

p(o) =det| —p 0 &o0+b 0

0 b 0 g0+ b -

b'a sba (820 + 1)1+ A%)

1 11 1
2ba 2b0z 5

where

a=1+i(0+ xq),

b=1+IiA,

and a star indicates complex conjugation.
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Then
0 pb
g0+b

p(o) = (0 +a)det
0

o

/D
0

10+ b

1

zboc

+a pb
0
-
b*a

1

2

LetA=A.=0,9° =g*>=-6/x. Then

o+1 0

0
-1
a2

g0+1
0
a2

p(o) = (o + 1) det

B/D
0
g0+1

a2

+Edet

(620 +1)(1 + AZ)_

g0+ b

0

0
-b
b

0

-b

b
(620 + 1)(1 + Az)_

/D
0

Lba

2

0
-1
-1

&0 + 1
0

-1
-1

pID
0

o+1
0
-1

-1

0 g0+1

a2

&0+ 1
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or

p(o) = (o +1){(0+1)det

p

&10 +
0
/2

0

+ —det| -1

D

a2

+ E —(o+1)det

D

1 0 -1
g0+1 -1 +
al2 o +1
go+1 -1
0 -1 +
a2 o +1
-1 0 -1
0 &o+1 -1 |+
a2 a2 o+l
-1 0 -1
+ E det| 0 -1 -1

D
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and thus

p(0) = (0 + 1*{(e10 + D[(e10 + 1)(e20 + 1) + a/2] + a(er0 + 1)/2} +
+ B0 + Di{—(e10 + D)[a/2 = (e20 + 1)] + a/2}/D +
= Blo+ Di-[(e10 + 1)(e20 + 1) + a/2] + (10 + 1)a/2}/ D +
+ B{—[—(e20 + 1) + a/2] — a2}/ D?
= (0 + D)*{(e10 + 1)*(e20 + 1) + a(e10 + 1)} +
+ B0+ 1)[2(e10 + 1)(e20 + 1) —a(e10 + 1) + a] /D +

+ BH(e20 + 1 — @)/ D

Assume thato ~ 1/¢,0+1 ~ 0, &5 ~ €. Theneo ~ 1, é?0 > 0as ¢ — 0,

and multiplying by &2,

e?p(0) = e?0*{(e0 + 1)*(eo + 1) + aeo + 1)} +
+ Be?o{2(eo + 1)(eo + 1) — aec}/D + f*e*(e0 + 1 — a) /| D?

~e?? [(eo + 1) +a(ec +1)] ase — 0.

This implies that

o [(eoc +1)® + a(eo + 1)] = o*(eo + D[(eo + 1)* + a] = 0,

whose roots are

012~0, o3~-1/¢g, o045~(-1% ial/z)/e.
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The roots 01, correspond to the growth rates og and o;, while the
remaining roots, 0345, have negative real part and therefore they are

stabilizing.
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D Derivation of the Modified Swift-Hohenberg

Equation

n

3
1 9"F(0,0)
A ) = (n =D gAm1g A"

AAT + iy V2A, (D.1)

n=1

where

B(1 —1iA)
1+A2+a(l+A)1+AY)]|

F(A, A = —=(1 + A) |1 +i6 + (D.2)

and

A=R+il, D=1+A+a.
The first derivatives of equation (D.2)

Bl + A?)
[T+ A%2+a(+A)1+ AY)]? *

. BA(1 + A?) 0
* 1lu T A a(l+ AA+F AV ]

OF .
A A) = -1

OF . Ba(l—iA)(1+A)
oa A = [1+A2+a(l +A)(1 + A
OF BA+AY)  [BAQ+AY)
20,0 = -1- S i | = —9]
OF pa(l—iA)
R
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The second derivatives of equation (D.2)

i
0A?

1 °F
2 )A*?

0*F
dA JA*

0*F

dA?

(A,AY) =

Z(0,0)=

(A,AY) =

0,0) =

(A, A") =

(0,0) =

2Ba(1 + A*)(1 —iA)(1 + A%)
[T+A2+a(1+A)1+ A9

Ba(l + A2)(1 — iA)
DC’)

—2Ba%(1 —iA)(1 + A*)?
[T+A2+a(+A)1+ A9

—Ba*(1 —iA)
@3

2Ba(1 4+ A*)(1 —iA)(1 + A)
[1T+A2+a(+A)1+ AP

2a(1 + A2)(1 —iA)
5% '
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The third derivatives of equation (D.2)

d°F

S5 (AAY) =

dA3

(0,0)

PE

(A,A") =

A, A" =

B —6Ba*(1 + A?)(1 —iA)(1 + A*)?
[1T+A%2+a(1+A)1+ A

3 —Ba?(1 + A?)(1 —iA)
= i

o 2Ba(l+ AP (1 —iA)[1 + A* = 2a(1 + A)(1 + AY)]

[1T+A2+a(l+A)1+ A9

_ Ba(l+ A)(1—iA)(1 + A% - 20)
- ~

_ —6Ba3(1 + A2)(1 —iA)(1 + A)>?
[1+A2+a(1+A)1+A)]*

 =3Ba(1 + AY)(1 - iA)
B D

6Ba3(1 —iA)(1 + A)*
[T+A%2+a(1+A)1+ A

_ Bal(1 —iA)
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Let A =0and A = R +il. Then equation (D.1) becomes

Ry +il, = —1—(1fa)2—16 (R +1l) +
+ (1i—aa)2 (R —il) +
+ (1i—aa)3 (R* +2iRI - I?) +
i -(12fi)3:(122+12)+
+ % (R* + 2iRI - I?) +

(D.3)
+ix[ V2R +iV?I] +

[ —Ba’ 3, Aip2 2 3
+ A+ a) (R’ + 3iR°I — 3RI* —il°) +
[ Ba(1 — 20
+ % (R? +iR2I + RI? +iP%) +
o
[ —3Ba? ]
+ ﬁ (R® —iR?I + RI* - iP) +
o
[ o’ ] 3 aip2 2, .13
+ m (R — 3iR“I — 3RTI +II).
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Examining the real coefficients of equation (D.3), we have

O (R):
—p+pa _ pla-1) _
-1+ Arar - -1+ —(1 oy or(a, B).
O
0 = —xq;-
Spatial:
—V2I.
O (R?):
pa+2pa—pa’>  pa(d-a)
A+ap  ~ Orap = @Pp)
O (I?):
—Ba+2pa+pa®  Pa
1+ a) T A+ a)?
O (R®):
—Ba? + pa(l - 2a) — 3pa® + pa’ ﬁa[(a -3) - 8] ~
(1 +a) T rap o @@h)
O (RI?):

3pa’ + pa(l — 2a) — 3a* - 3pa°  Pa(l - 3a)
1+ a)  (1+a)B
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Examining the imaginary coefficients of equation (D.3), we have

O (R):
0 = xq:.
Spatial:
—xV?R.
O ):
p+pa _ P \_
-1 — (1 +a)2 = —(1 + m) = U[(O(,ﬁ).
O (RI):
2pa —2pa*  2pa(l - a)

1+ap} — (1+a)p

O (R?I):
—3pa’ + pa(l - 2a) + 3a® - 3pa°  Pa(l - 3a)

1+ a)*  (1+a)B

O (B):

pa? + pa(l —2a) +3a® + pa’  Pa
1+ a) (1 +a)?
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Then
Rt:l 1 M]R+

o 1+ a)?

pa(3 — a)
* (1+a)3 R*

ﬁa[(a +1)* - 80c] ;
1+a)

—x(V2 + gD +

pa
+ IF +
(1+ a)?

pa(l - 3a)
(1+a) RE,

and
Iy = X(Vz + qf)R +

+ or(a, B)I

2Ba(1 — )

IR
1+a) -

Ba(l - 3a)
1+a)

pa_

1+a)?’

IR? +

+

where

I~ —[)(/UI((X, ﬁ)](V2 + qf)R.
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Upon substituting equation (D.6) into equation (D.4), we obtain

2

R ~ ox(@, PR — wolat, )R? — w (o, H)R? + lo; (’; 5 (V+q) R,
where
or(@, ) = 1 + %
ore,f)=~1- afr1
xg:=-6=1
antep) = 25
o, f) = ﬁa[S?a_+(T): 1)2].

76



E One-Dimensional Analysis

According to [15], we seek a solution to (2.9) of the form

R(x,y,t) ~ A1(t) cos(g.x) + A%(t)[Rzo + Ry cos(2g.x)] +

+ AJ(D[Rs1 cos(gex) + Ras cos(3q.x)],

where

Ay(b) ~ 0Ay(t) — a A3 (H).

Calculation of each term in Eq. (2.9)

Rt ~ Al COS(qC.X') + 2A1A1 [R20 + Rzz COS(ZqC.X')] +
+ 3A2A1[R3; cos(gcx) + Raz cos(34.x)]
~ 0(A1 — mA?) cos(gcx) + 20A3[Ryg + Raa cos(2g.x)] +
+ 30A3[Ra1 cos(qcx) + Raz cos(3gcx)]
= 0A; cos(g.x) + 20A3[Ryo + Ry cos(2g.x)] +

+ A3[(30R31 — a1) cos(qcx) + 30R33 cos(34:x)]-
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R? ~ A% cosz(qcx) + ZAf[Rzo cos(gcx) + Rop cos(2g.x)]
= 1A7[1 + cos(2g:x)] +

+ AJ[2R5 cos(gcx) + Rynfcos(gex) + cos(3g.x)}]
= %A%[l + cos(2g.x)] +

+ A?[(ZRZO + Rzz) COS(qCX) + Ry COS(3[/]CX)].

R’ ~ A cos’(g.x) = 1AJ[3 cos(gex) + cos(34.%)].

(vz + q?)2 R ~ A3[g:Ra0 + Rap(—4q7 + g2)* cos(2g.x)] +
+ AJRa3(=97; + 42)* cos(3:x)

=q: [A%[Rzo + 9Rp c08(2gcx)] + 64ATRs; COS(3qu)] :
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Determining the coefficients of R

O (A; cos(qcx)):
0O = OR
0 (A2); 2
w
20R50 = 0grRy + ();—I) q?RQ() - 70
or
w> /2
P
GI — OR
V] (Af cos(2qcx)):
X 4 Wo
2R22 = URRZZ +9— chZO - —
or 2
or
W /2
R = 2/
9 1 OR
O (Af cos(3qcx)):
30)1
30R31 — a1 = 0rR31 — wo(2R20 + Ra2) — o

Applying the Fredholm solvability condition to this last equation

(i.e., taking the limit as § — fo), we get

a = [wo(szo + Ry) + %
B=Po
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where

_(a+1)
pola) = ———
fora > 1.
Now,
or[a, fo(a)] = 0,
1 -2
ol fofe)] = -1 - DNy ol 2
Roola, Bo(a)] = swooila, Bo(a)],
and
Roola, Bo(@)] = sswooila, Bo(a)],
SO

=1

2 3
4 = gwWi0] + 71

~ —19B%a°(a = 3)*  3Beal8a — (a + 1)?]
T 9@+ )a=1) | 4@+l

:(a+1)4 9| a-1

afo 19 [a(a - 3)
9

23
]+Zwa—m+1ﬂ}.
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F Two-Dimensional Analysis

According to [15], we seek a solution to (2.9) of the form

R(x,y,t) ~ A1(t) cos(qex) + Bi(t) cos(gez) + A3(H)Roo(x) +
+ A1(H)B1(H)R11(x, z) + BI())Roa(z) + AS()Rso(x) + AT(H)B1 (DR (x, 2) +

+ A1(H)B3(HR12(x, 2) + BI(HR3(2), (F1)
where

z = x cos(y) + ysin(y)
Rao(x) = Rapoo + Roozo c0s(24x)
Ri1(x,z) = Ry111 cos[gc(x + z)] + Ri11(-1) cos[gc(x — z)]
Roa(x) = Rozoo + Ropoz c0s(24.2)
R3p(x) = R3p10 cos(gcx) + Raoz0 cos(3g.x)
Ro1(x,2z) = Rai1 c08(gcz) + Ra121 cos[ge(2x + z)] + Rap1(-1) cos[qc(2x — z)]
Riz(x,2) = Ryp10 cos(gcx) + Riz12 cos[gc(x + 22)] + Riz1(—2) cos[gc(x — 2z)]

Roz(x) = Rozo1 cos(gcz) + Rozos cos(34.2),

and A, B; satisfy the Landau Equations

dA;

F ~ UAl - Al(ﬁllA% + blB%) (an)
% ~ 0By — Bi(l1A? + a1 BY). (F.2b)
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Calculation of each term in Eq. (2.9)

R and its time derivative

R ~ A; cos(qcx) + By cos(qez) + A7Rz0(x) + A1B1R11 (%, z) + BiRoa(2) +
+ A3[Rs010 c08(gcx) + Rapso cos(3g.x)] +
+ A%Bl{Rzlol cos(gcz) + Ro121 cos[qc(2x + z)] + Raip-1) cos[q.(2x — z)]} +
+ A1B%{R1210 cos(gcx) + Riz1p cos[ge(x + 2z)] + Ripi(—2) cos[qc(x — 2z)]} +

+ B?[Rozsm cos(gcz) + Rozos cos(39.2)].
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R; ~ A cos(g.x) + By cos(g.z) + 2A1A1Rag(x) + (A1By + A1B1)Ryy(x, z) +

+ 2B1B1Rop(z) + 3ATA1R0(x) + (2A141B; + ATB1)Rai(x, 2) +
+ (A1B] + 2A1B1B1)Ryx(x, z) + 3B1B1Rg3(2)

= [0A1 — A1(@ AT + b1 B3)] cos(gcx) + [0By — B1(b1AT + a1B3)] cos(g.z) +
+2A1[0A1 — A1(@1 AT + b1 B3)]Ryo(x) +
+{[0A1 - A1(@1A} + b1 B3)IB1 + Ai[0By — Bi(b1A} + ;1BD)]} Ras (x, 2) +
+ 2B1[0B1 — B1(b1A] + 11B})|R02(2) + 3AT[0A1 — A1(m1 A% + b1B7)|Rao(x) +
+{241B1[0A1 — Ai(@1A? + b1 B})] + A3[0B, - By(01A} + a1 B3]} R (v, 2) +
+{[0A1 - A1(@1A} + by B3)|B3 + 2A41B1[0B; — B1(01A? + a:1B})]| Ria(x, 2) +
+ 3B7[0B1 — B1(01A] + 21B3)]Ro3(2)

= 0A; cos(q.x) + 0B cos(g.z) + ZGAfRZO(x) +20A1B1Ry1(x, z) + ZGB%ROZ(Z) +
+ A‘;’ [—a1 cos(gex) + 30Rs0(x)] + A%Bl[—bl cos(gcz) + 30Rn(x, z)] +
+ AlB%[—bl cos(gcx) + 30R12(x, 2)] + Bi’ [—a1 cos(gcz) + 30Rps(2)]

= 0A; cos(q.x) + 0By cos(q.z) + 20ATRa(x) + 20A1B1R11(x, 2) + 20BIRpa(z) +
+ A3[(BoRs010 — a1) cos(gcx) + 30Rs030 cos(39.x)] +
+ A2By{(30Ra10n — 1) c08(qc2) + 30Ra1 cos[qe(2x +2)] +

+ 30R212(-1) cos[gc(2x — z)]} +
+ A1B3{(30R1210 — b1) co8(qcx) + 30R1z1z cos[qe(x +22)] +
+ 30R121(-2) cos[g.(x — 22)]} +
+ B3[(30Ro301 — @1) c08(q.z) + 30 Rpz03 c0s(34.2)].
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Powers of R

R? ~ A% cos2(qcx) + 2A1 B4 cos(g.x) cos(g.z) + B% cosz(qcz) +
+ 2A3Ry) c0s(qex) + 2A3B1[Rayo(x) cos(qez) + Rux(x, z) cos(gex)]+
+ 2A1B3[Roa(2) cos(gcx) + Ri1(x, z) cos(qcz)] + 2B3 R cos(q.2)
= A2[1 + c0s(24:x)]/2 + A1B1{cos[gc(x + z)] + cos[q.(x — 2)]} +
+ BI[1 + cos(29.2)]/2 + 2A3[Rago0 + Ranzo c0s(24.x)] cos(g.x) +
+2A%B, {[Rzooo + Rappo c0s(24.x)] cos(q.z) +
+ [le cos[gc(x + z)] + Ry11(-1y cos[gc(x — z)]] cos(qcx)} +
+2A,B? {[Rozoo + Ropop €08(24.2)] cos(gex) +
+ [le cos[gc(x + z)] + Ry11(-1) cos[ge(x — z)]] cos(qcz)} +
+ 2B3[Roz00 + Rozoz c08(29:2)] cos(g.z)
~ A%[l + cos(2g.x)]/2 + A1B1{cos[g.(x + z)] + cos[g.(x — z)]} +
+ B%[l + co0s(29.2)]/2 + A? [(2R2000 + R2020) c0s(gcx) + Rapo cos(34.x)] +
+ A%Bl {(2Rzooo + Ry111 + Riqi(-1y) €0s(gcz) + (Raoo0 + Ri111) cos[g.(2x + z)] +
+ (Ra020 + Ry11(-1)) cos[g.(2x — z)]} +
+ A1B? {(2Roa0 + Rinnt + Rupin)) cos(gex) + (Ronoz + Rurnn) cos[ge(x +22)] +
+ (Roaoa + Rin-n) cos[ge(x — 22)]} +

+ B? [(2Ro200 + Rozo2 €08(cz) + Rozoz c0s(34:2)] -
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R? ~ A3 cos®(q.x) + 3A2B; cos®(g.x) cos(q.z) + 3A1B7 cos(g.x) cos®(4.z) +
+ B3 cos*(q.2)
= 147 [cos(3gcx) + 3 cos(gx)] + 2ATB1 [1 + cos(2g.x)] cos(qcz) +
+ 2A1B7 cos(gcx) [1 + cos(24.2)] + 1B [cos(3gcz) + 3 cos(qcz)]
= 147 [cos(3gcx) + 3 cos(gx)] +
+ 2 ATB; {2 cos(gcz) + cos[ge(2x + z)] + cos[q.(2x — 2)]} +
+ 2 A1 B} {2 cos(gex) + cos[ge(x + 22)] + cos[gc(x — 22)]} +

+ 1B7 [cos(34cz) + 3 cos(gez)] -

Spatial derivatives

We have that
cos(mx + nz) = cos[(m + n cos(1))x + ny sin(y)].
Then

VZ cos(mx + nz) = —=[(m + ncos(y))* + (n sin(y))*] cos(mx + nz)
= —[m* + 2mn cos(Y) + n*] cos(mx + nz),

V* cos(mx + nz) = [m* + 2mn cos(y) + n*}* cos(mx + nz).
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V2R ~ —qf{Al cos(gcx) + By cos(q.z) + 4A%R2020 cos(2g.x) +

+2A;B1{Ryni[1 + cos()] cos[ge(x + 2)] +
+ Rinin[1 = cos(y)] cos[ge(x - 2)]} +

+ 4B2 R €08(29.2) + AJ[Rao10 cos(gcx) + IRz030 cos(3g.x)] +

+ A2B, {R2101 08(qez) + Rotn1[5 + 4 cos(y)] cos[q.(2x + z)] +
+ Rora-1[5 — 4 cos(ih)] cos[g.(2x — Z)]} +

+ A1B} {Raz10 c08(qcx) + Ripa[5 + 4 cos()] cos[qe(x + 22)] +
+ Rizy(2)[5 — 4 cos(y)] cos[ge(x — 22)]} +

+ B?[R0301 COS(C]CZ) + 9R0303 COS(3qCZ)]}.

V4R ~ qf {A1 cos(gcx) + By cos(g.z) + 16A%qu2020 cos(2g.x) +
+ 4A1B; {le[l + cos(P)]? cos[g.(x + z)] +
+Ry1py[1 = cos(y)]* cos[g.(x — z)]} +
+ 16B3Rongn c08(29.2) + AJ[Rap10 c0s(gx) + 81R3030 cos(34.x)] +
+ A%Bl {le cos(gcz) + Roim[5 + 4 c:os(gb)]2 cos[g.(2x + z)] +
+ Roro-n)[5 — 4 cos(y) cos[g.(2x - 2)]} +
+ AlB% {Rmo cos(gex) + Ripip[5 + 4 cos(gb)]2 cos[q.(x + 2z)] +
+ Rin(-)[5 — 4 cos(y)? cos[ge(x — 22)]} +

+ B3[Roson cos(qc2) + 81Roa0s cos(37:2)]}.
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(V2 + ) R= (V' + 202V + )R
~ qf{A% [Ra000 + 9Ra020 cOs(29.x)] +
+ A1B1 {Rini[1 + 2 cos(y)]? cos[ge(x + 2)] +
+ Rinin[1 = 2 cos(@)] coslgc(x - 2)]} +
+ BT [Roz00 + 9Ro202 €08(24.2)] + 64ATRa030 cos(3g.x) +
+ ABy {Ry1n[6 + 4 cos(y)]? cos[ge(2x + 2)] +
+ Rany(-1)[6 — 4 cos(y) ] cos[g.(2x — 2)]} +
+ A1B} {Razral6 + 4 cos(y)]? cos[ge(x + 22)] +
+ Ruzi(2)[6 — 4 cos(y)] cos[q.(x - 22)]} +

+ 64B?R0303 COS(3qCZ)}.
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Determining the coefficients of R

O (Aq):

cos(gcx):

“o =1+ B0

O (By):

cos(gcx):

0 = 0g
Nothing new here.

0(4})

1:

_ 1 -1.2 4
20R 000 = 0rR2000 — W0 + 0, X chzooo
_ 1 R _ 1
OR — O; 2000 = —5@Wo
or

0)0/2
OR — UI

RZOOO = -
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cos(2g.x):

1 1.2 4
20R2020 = 0rR2020 — 500 + 907 x"q - Rao20
— 967"\ Ry = —1
OR O 2020 = —5@o
or

(1)0/2

Ropo = I —
or — 90,

O (AlBl)Z

cos[gc(x + 2)]:

20rR1111 = orRy111 —wo + (71_1)(2‘7?[1 + 2C05(¢)]2R1111

(GR —o7'[1+ ZCOS(’P)F) Ri1m1 = —wy

or
Wo
or — 071 + 2 cos(y)]*

Ry = -
cos[gc(x = 2)]:

20rR111(-1) = 0rR111(-1) — @o + 07 }2Ge[1 = 2 cos(¥)*Run-1

(UR —o7'[1- 2COS(¢)]2) Ri11(-1) = —wy

or
@Wo
or — 07 [1 —2cos(y) ]’

Riti-y = —
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o

B?):

1:
or
cos(2g.2):
or

_ 1 124
20Rp200 = 0rRo200 — 500 + 07~ X G- Ro00

-1 _ 1
(UR -0, )Rozoo = —5Wo
a)0/2
Roz00 = =———— = Raooo-
OR — O

_ 1 -1.2 4
20R0202 = 0rRo202 — SWo + 90 1 X chozoz

-1 __1
(UR - 90, )Rozoz = —7Wo

0)0/2

————— = Rypo-
og — 907!

ROZOZ = -
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0(A3):

cos(gcx):
30R3010 — 1 = 0rR3010 — (2Ra000 + Ronoo)wo — 3
3
20rR3010 = a1 — (2R2000 + Rao20)wo — w1
or
3
a1 — (2R2000 + Roooo)wo — @1
3010 = .
20 R
cos(3g.x):

_ 1 -1.2 4
30R3030 = 0rR3030 — R0 — o1t 640 1 X ch3030

(ZOR - 6401_1) Rspz0 = —Ronowo — jw1

or
1
Rzozoa)o + 71

Raos0 = — .
M0 20k — 6407
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O (A2B,):

cos(gcz):

30R2101 — b1 = 0rR2101 = (2R2000 + R1111 + Ru1¢-1))wo — %a)l

20rRo101 = b1 — (2Roo00 + Ri111 + Rini-ny)wo — w1

or
b, — (2Rz000 + Ry111 + R111(—1))6‘)0 B %a)l

2101 =
ZGR

cos[g.(2x + z)]:

30Rz121 = 0rR2121 — (Roo20 + Rin1)awo +
— 3w + 07 x*g2[6 + 4 cos(¥) P Rain

(ZUR - 0;1[6 + 4cos(¢)]2) Roio1 = —(Rogoo + Ri111)wo — %wl

or
3
(Rao20 + Ry111)@wo + 101

207 — 0716 + 4 cos(y)]*

R2121 = -
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cos[g.(2x = z)]:

30R212(-1) = 0rRo12(-1) = (Rao20 + Rut1(-1y)@wo +
— 32w + 07" x*2[6 — 4 cos(¥)PRa1a-1)

(ZGR - 01_1[6 -4 COS(IP)IZ) Ra12(-1) = —=(Rao20 + Ru11(-1)) w0 — %(Ul

or

(Roo0 + Ri11¢-1))wo + %wl
Roip-1y = — — >

20r — 0} '[6 — 4 cos(y)]

O (A1B?):

cos(gcx):
30R1210 — b1 = 0rR1210 — (2Ron00 + Runn1 + Rini-n)wo — San
20rR1210 = b1 — (2Roz00 + Ri111 + Rina-1y)wo — w1
or

b1 — (2Roa00 + Rinn + Runien))wo — 3an
R1210 = 2 = R2101.
R
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cos[g.(x + 22)]:

30R1212 = 0rR1212 = (Roz02 + Ry111)wo +
— 3w + 07 x*q2[6 + 4 cos(Y)PRia1

<2UR - 01_1[6 + 4C05(¢)]2> Riz12 = —=(Rozo2 + Ri11)wo — %wl

or
3
(Roz02 + Rinin)wo + w1

20 — 0;7'[6 + 4 cos(Y)?

R1212 = - = 2121-

cos[g.(x — 2z)]:

30R121(-2) = 0rR121(-2) = (Ro202 + Ri11¢-1))@wo +
— 2w + 07 x*2[6 — 4 cos(P) PRz

(2aR - 01‘1[6 -4 COS(¢)]Z) Riz1(=2) = —(Roz202 + Ry11¢-1))wo — %0)1

or
3
(Roz02 + Ri11(-1))@wo + 701

" 20g - 076 — 4 cos(y)]?

Rio1(<2) = = Roio(-1y.
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o(B3):

cos(g.z):
3
30Roz01 — @1 = 0rRo301 — (2Ro200 + Rozo2)wo — w1
_ 3
20rRoz01 = a1 — (2Ro200 + Rozo2)wo — w1
or
3
a1 — (2Ro200 + Ro202)wo — @1
0301 = > = Rao1o-
OR

cos(39.2):

_ 1 -1.2 4
30Ro303 = 0rRo303 — Ropoowp — o1t 640 1 X chosos

(ZOR - 6401_1) Rosos = —Ropoowo — j@1

or
1
Rozoza)o + 7W1

= Rao.
2op — 640t "

R0303 ==
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Landau Constants

Recall that
2
Po = (O;tlf
Bla—1) p
or=—-1+ (0(+1)2 _1+E
. B N pa+1)
or = a+1 Bo(a—1)

_pa(@-3)  pa(a-3)
DT T@r1? T Bola-D@a+1)

Ba [8a —(a+ 1)2] ~ Ba [8a — (a + 1)?]

@1 = (a +1)* ~ Pola—1)(a+1)
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Taking the limit as § — fy, we have

orla, fo(@)] =0

ol fofe)] = -1 - 55 = =24
3
anla o)) = = T

a [Sa —(a+ 1)2]

a)l[a,ﬁ()(a)] = (0( _ 1)(0{ + 1)2
_ 0)0/2 _
Rzooo|ﬁ:ﬁo = m = [Gla)o/Z]Iﬁ:ﬁ0
0)0/2 _
R2020|ﬁ:50 = —901_1 e [01600/9]|ﬁzﬁ0
R | _ o1
Hlg=g, = 11 + 2 cos()]?

and

_ o1
p=po ~ [1 —2cos(y)]?’

R111(—1)|
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Finding a;:

_ 3
30Rs3010 — a1 = 0rR3010 — (2R2000 + Rao20)wo — 1.

Take g — fo:

_ 3
a1 = (2Ra000 + Raoo)wo + @1

9 , 3
= ?Gja)o + Zwl

:B[‘“ l ala - 3) r+3a[8a—(a+1)2]
a—1

9 (a—D(a+1) 4(a — 1)(a + 1)?

a-—1

apo(@) [ 19[a@-3)] 3
A= RE O

o 19 0¢(0¢—3)2 3
- a5 <o)
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Finding b;:

30R2101 — b1 = 0rR2101 = (2R2000 + R1111 + Ru1¢-1))wo — %a)l.

Take B — Bo:

by = (2Ra000 + Runnt + Runen))wo + 3an

:U]C()é[l'F 1 1 ]4_30}1

[1+ 2 cos(i)]? * [1—2cos(i)]? 2

[2a] al@-3) P[3+16cos'(y)] 3a{8a—(@+17]
- [a _ 1] l(a "D+ 1)] [[1 _ 4c052(¢)]2] T a-D@a+1y

3 a ala —3) [ 3+16 cos*(y) 3
S (a-1)(a+1)? {_2| a-1 ] [[1 “Zco()P] " o8- (a+ 1)2]}

_ apola) {_2[0é(0c—3)r

C (a+ 1) a-1

3+16cos*(W) ] 3
[ —2cos’(0)P + 5[80( —(a+ 1)2]}.
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The coefficients of R

__al@=8)(1+a+p
2@+ D(ap-2)-p-2)
ap(a —3)
2(a+1)3 (-1 + B 4 2o

(a+1)2 1+a+p

Ra000 = Ropo0 =

Rop0 = Ropz = —

af(a —3)
Rimi = - 1 3(_q 4 BaD) | (@rD(+2cos(y)?
( + CK) (_ + (a+1)? a+p+1 )
R apf(a —3)
11(-1) = — >
Bla—-1) (a+1)(1-2 cos(y))
(1 + a)3 (_1 + (a+1)2 + a+p+1 )
1
R3p10 = Rozo1 = ————F—< X
Bla=1)
2(-1+ (a+1>2)
Bap(l1—6a+a?) a*Ba—3)* (2(@+1)*A+a+p) s
4(a + 1)4 2@+1)° \Bla(f-2)+p+2)

(@ + 121 +a+p)
_ﬁ(a—l)(l+a+ﬁ)+9(a+1)3—(a+1)2(1+6¥+/3))+all'
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G Stability Analysis of the Amplitude

Equations
Equilibrium Points
Consider the amplitude equations

A’ = 0A — A(mA* + b, B?)

B’ = 0B — B(b1A? + a,B?).

To find the equilibrium solutions of this system, we solve the follow-

ing system of algebraic equations for A, B:

oA — AMmA*> + 0B =0

0B — B(b1A* + a,B%) = 0.

(i) Trivial solution: A = B =0.

(i) Let B=0and A # 0. Then
o — a1A2 = O,

that is,

=9
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(iii) Similarly, another solution is

A=0 B =2
ai

(iv) Assume A # 0 and B # 0. Then our system takes the form

o—(mA*+ 0B =0

o—(0hA* +a1B?) =0,

which implies

EllAZ + ble = b1A2 + llle,

and so A? = B?, if we assume also that a; # b;. Then,
o— ([Jll + bl)Az = 0,

and thus
2__ 09
a; + b1 .
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Stability Analysis

Assuming that a; + b; > 0, we seek a solution of the form

A(t) = Ag + ecre?’ + 0 ()

Bi(t) = By + ecoe”’ + O (62).
We have

Al(t) = epcie” + O (82)

Bj(t) = epcae” + O (82).
Substituting in our equations:

epere” = o|Ag + ecre? + 0 (&2)] - [Ag + ecre” + 0 (¢?)]-
(A0 + ecie? + 0 () + b1 (Bo + ecre + 0 ()| + 0(2)
= 0 (Ao + cc1e”) - (Ag + ecre”)-
:[a1 (A3 + 2eAcie™) + by (BS + 2¢Bocse’) | + O (&2)
= 0Ay — Ao(mAj + b1Bj) +
+ & (0c1 — 2m1A%01 — mAlcr — 2b1 AgBoca — biBlcr ) €' + O (&2)

=¢ [(0 - 3mA] - b1B%> €1 — 251A03002] e +0 (52) ,
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and

epee’ = o [Bo + e’ + O (ez)] - [BO + e’ + O (52)] -
s (Bo + ecse + 0 (1) + b1 (Ao + ecre + 0 ()| + 0(2)
=0 (BO + ecze’”) - (Bo + scze”t) :
a1 (B3 + 2eBocae?") + by (A2 + 2eAgcre”)| + O (&2)
= 0By — Bo(m1B} + b1 A7) +
+ & (002 — 2m B3, — mBies — 201 AgBocy — bi1A%cy) €' + O (&2)

=€ [(G — 3H1Bé - blA%> Cy — 2b1AoB()C1] e’ + 0 (82) .

After neglecting terms of O (¢2) and cancelling the common factor e/,

we obtain the following system of linear equations in {c;, ¢»}:

( - G) + 3ﬂ1A2 + ble 1+ 2b1AoBoC2 =0
P 0 0

[(p - G) + 3&133 + blA%] Cy + ZbleBoCl =0,

which has nontrivial solutions when

-
detp V =0,

y p-p
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with

a=0-3mA; - 1B}

B =0 —3mB; - h1A]

and

Y= ZbleBo.

(a) For Ag = By =0, wehave a = = 0 and y = 0, so the solutions are

P12 = 0,

and thus the solid pattern I is stable for o < 0.

(b) For A% =o0/a;, Bp =0,wehavea = =20, = (1 -by/a1)c and y = 0, so

the roots are

which implies that the stripe-type pattern Il is stable when ¢ > 0 and

bl >a.
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(c) Finally, for A> = B} = o/(a; + by), we have @ = fand y # 0, so the

solutions are

pr=a-=-Yy
=0 — (3611 + bl)Ag - 2[71A%
=0 - 3(611 + bl)A(z)
3(611 + b1)0‘
=-0g—-— ———
a; + bl
=-20
and
p2=aty

=0 - (3&11 + bl)A% + ZblA%

o — (3611 - bl)A%
- (3&11 - bl)U

a + by
_ [(@1 +b1) = Bar — by)]o
B a; + by
_ 2(by —m)o
B a + by

4

which implies that the rhombic-type pattern V is stable when o > 0

and bl <dai.
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