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Lithium-ion batteries (LIBs) are considered as the most widely used energy storage 

systems. The energy density of the LIBs can be increased significantly if the graphite in anode can 

be replaced with silicon (Si) because Si’s energy density, 3,579 [mAh/g], is much higher than 

graphite’s, 372 [mAh/g]. However, during the lithiation-delithiation cycle, curves of electrode 

voltage vs. capacity differ and forms a hysteresis loop. This voltage hysteresis decreases power 

density of Si-based batteries. In 2013, Wang et al. reported that they made SiMP lithium half cells 

and ran lithiation-delithiation cycling experiments with different C-rates. They successfully 

demonstrated a self-healing chemistry of Si in battery applications. Their experiment also showed 

a voltage hysteresis during the cycling experiment of SiMP half cells. Similar to traditional LIBs, 

it was observed that the cell capacity decreases as the C-rate increases. In this work, a physics-

based electrochemical model of the SiMP half-cell was developed to explain the causes of voltage 

gap in lithiation and delithiation cycles, and the capacity differences at different C-rates. To 

develop the model, at first, particular physics such as lithium diffusion, reaction kinetics, 

thermodynamics, and mechanical stress and strain was selected, and the relevant equations were 
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included in the model. To investigate the influence of hydrostatic stresses on electrochemical 

reactions in battery electrodes, a modified version of Butler-Volmer (BV) kinetics equation 

associated with hydrostatic stress was implemented in the model. Besides, Verburgge & Cheng's 

analytical approach was applied to identify the importance of mechanical stress in the voltage 

hysteresis of Si-anode batteries in lithiation-delithiation cycles. Then, literature surveys were 

conducted to get the physical properties required to make the model a physics-based one. The 

previously reported parameters such as solid diffusivity, exchange current density, Young’s 

modulus, Poisson’s ratio, and partial molar volume were found.  Finally, the electrochemical 

model investigated the impact of hydrostatic stress on the output voltage of the SiMP half cells. In 

addition, the model was used to identify performance limitations. By checking the impact of the 

key parameters on the voltage curves during battery cycling, the model provided the possible 

reasons of voltage differences during lithiation and delithiation.  
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CHAPTER 1: INTRODUCTION 

1.1 Overview of Lithium-Ion-Batteries with Silicon Anodes (LIBs) 

Lithium-ion batteries (LIBs) are highly regarded as one of the most broadly used secondary 

battery systems. In comparison to other rechargeable batteries, such as nickel-cadmium and nickel-

metal hydride batteries, LIBs are featured with higher energy density, higher operating voltages, 

limited self-discharging and lower maintenance requirements [1]. However, the current traditional 

graphite anode cannot meet the demand on energy density, operation reliability and system 

amalgamation arising from portable electronic devices, electric vehicles, and energy storage 

applications. Graphite anodes demonstrate only a moderate intrinsic specific capacity (372 

[mAh/g]) and serious safety issues due to lithium plating and further formation of lithium dendrites 

[2]. Subsequently, studies on new generation anode materials with the characteristics of high 

capacities, a proper charging/discharging potential, as well as safe and low-cost manufacturing and 

usage have attracted great attention [3]. Among all potential lithium-ion battery (LIB) anodes, 

silicon (Si) is one of the most prominent candidates to replace graphite due to the following 

reasons: (1) Si has the highest gravimetric capacity (3600 [mAh/g], lithiated to Li4.4Si) [4] and 

volumetric capacity (9786 [mAh/cm3], calculated based on the initial volume of Si) other than 

lithium metal; (2) Si displays an appropriate discharge voltage at ca. 0.4 [V] in average, which 

finds a good quality balance between retaining reasonable open-circuit voltage (OCV) and evading 

adverse lithium plating process [5]; (3) Si is abundant (second richest in earth crust), potentially 

low cost, environment friendly, and non-toxic [6]. However, drastic volume expansion (around 

300% for Li4.4Si) [7] and huge stress generation are accompanied with the lithiation/delithiation 

process of Si, which causes series of severe destructive consequences [5]. (i) Electrode structure 
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integrity is deteriorated due to gradually enhanced pulverization during repeated 

lithiation/delithiation processes; (ii) disconnection between an electrode and current collector is 

induced by the interfacial stress; (iii) continuous consumption of lithium ions occurs during the 

continuous formation-breaking-reformation process of solid electrolyte interface (SEI) layer [8]. 

All these processes accelerate electrode collapse and capacity fading in a harmonious way. 

Besides, the critical problem of volume expansion, the poor intrinsic electron conductivity of Si 

also contributes to the sluggish electrochemical kinetics [9]. 

Table-1.1: Different potential anode materials for Lithium-Ion batteries (LIBs) [1-9] 

Anode 

Material 

Specific 

Capacity 

[mAh/g] 

Volume 

Change 

(%) 

Benefits Challenges 

Silicon 3,600 320 

Highest energy 

density 

Capacity fade due to 

damage from expansion 

and contraction 

Aluminum 2,235 604 

Better energy 

density than 

graphite 

Worse energy density and 

more expansion than 

silicon 

Tin 990 252 Stabler than silicon 

Worse energy density than 

silicon 

Graphite 372 10 Stable; widely used Poor energy density 
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To tackle the aforementioned critical issues, tremendous efforts have been made since 

1990s [10]. The strategies developed include utilizing nanoscale silicon, compositing with stress-

relief buffer matrix, and constructing a physical compartment to accommodate volume expansion.  

Figure-1.1: Timeline of selected important breakthroughs in silicon-based anode[10]. 

 
 

In recent years, numerous battery models have been developed which can calculate 

hydrostatic stress generation in lithium-insertion materials due to lithium insertion and 

extraction.[11] The maximum stress in a lithium insertion particle has a tendency to be nearly 

proportional to the concentration gradient developed in the particle, multiplied by the particle size. 

To be precise, the difference in concentrations between the surface and center of the particle 

determines, the maximum stress to a great degree. Christensen and Newman [12] demonstrated 

that the hydrostatic stress increases with the dimensionless current, which is proportional to the 

particle size and C-Rate and inversely proportional to the solid phase diffusivity.  

The set of equations that is used to compute hydrostatic stress includes a coupling between 

diffusion and elasticity along with the appropriate material and momentum balances. Garcia et al. 

[13] developed a two-dimensional (2D) porous electrode model that also reported for potential and 



4 

 

ion concentration distributions in the electrolyte. However, their work used transport equations 

derived from dilute solution theory, which is generally not suitable for Li-ion systems, and their 

diffusion equation did not include the pressure driving force that gives rise to chemo-mechanical 

or electro-chemo-mechanical coupling. 

Zhang et al. [14] developed a semi-analytic expression for the hydrostatic stress 

distribution in a spherical particle as a function of solid-phase lithium concentration, which 

allowed a decoupling of the diffusion and elasticity equations. They extended their one-

dimensional (1D) model to a finite-element COMSOL multi-physics model that could compute 

hydrostatic stress in ellipsoids of arbitrary aspect ratio. However, their Fick’s (2nd law) mass 

diffusion equation was strictly valid only for dilute solutions, neglected the influence of a moving 

boundary, and they did not include the correct form of the pressure driving force for diffusion. In 

the following paper, Zhang et al. [11] explored both intercalation stress and heat generation in 

single particles.  

Christensen and Newman [12] developed a set of one dimensional (1D) equations for a 

spherical particle, which included moving boundary considerations and was based on the more 

rigorous multicomponent diffusion equation developed by Hirschfelder et al. and Curtiss [15] and 

Bird. This diffusion equation is valid for concentrated solutions, such as the solid solutions formed 

in Li-intercalation materials, and properly handles the contribution of pressure gradients to the 

driving force for diffusion. In Addition to that, a more general, nonlinear version of Hooke’s law 

was utilized. Though computationally more expensive than other approaches, this model has the 

advantage of applicability to insertion materials that undergo massive volumetric changes (e.g., 

LixSi or LixSn alloys), in which second-order terms in Hooke’s law and convection terms and 
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pressure driving forces in the diffusion equation become important. In another paper, hydrostatic 

stress generation at two-phase boundaries was also explored.[16] In 2008, Verbrugge and Cheng 

[17] presented a modification to the approach of Sastry et al. [18] that included surface energy 

considerations. The surface energy manifests itself as a boundary condition of finite compressive 

stress at the surface of a particle, which becomes important for nanomaterials (<~50 nm diameter). 

Christensen and Newman [12] exhibited that a compressive external stress could reduce the 

likelihood of particle fracture, because the fracture threshold for the tensile stress is typically much 

lower than for the compressive stress. 

In our work, we developed a physics-based mathematical model to identify voltage 

hysteresis during battery lithiation-delithiation cycling of lithium-ion based silicon anode half-

cells. We wanted to make our model as simple as possible. Therefore, we started with a one-

dimensional single spherical particle model. First, we used mass diffusion equation (Fick’s 2nd 

Law). Then added boundary conditions. Next, we modified the Butler-Volmer (BV) equation 

likewise Jin et al. [19] adding hydrostatic stress-induced voltage. Cheng and Verbrugge [17] 

developed an analytical solution for hydrostatic stress calculation. Stress induced voltage was 

generated form this stress. Since we have noticed ~300% volume expansion during battery cycling 

in silicon anode-based cells, radius of the spherical particle will also be expanded. Therefore, we 

introduced state of charge (SOC) based particle radius equation in our model. How it works, is 

discussed later in this thesis. Including Jin et al. [19], many other groups have developed 

mathematical models for Si anode, but to the best of knowledge, no one has included SOC 

dependent radius equation in their model, we are the first one to do so. Li et al. [20] discussed 

diffusivities cannot be same throughout the battery cycling. 
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Therefore, we added asymmetric diffusivity and exchange current density like two 

different values in each cycle. One value was used for lithiation and another different value for 

delithiation which nobody has done that before. We also validated our model with experimental 

results. The purpose of our work here is to identify voltage hysteresis during battery cycling of 

silicon anode cell and identify the main reason behind voltage hysteresis using our physics-based 

mathematical model.  
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CHAPTER 2: RESEARCH MOTIVATION 

2.1 Large Volume Expansion Phenomenon 

The lifespan and performance of lithium-ion batteries are related to the mechanical 

expansion and contraction of the active materials, particularly for silicon-enhanced negative 

electrodes. Baker et al. [1] developed a model to describe how lithium diffuses within lithiated 

silicon, and they included the influence of active material expansion (upon lithiation) and 

contraction (upon delithiation). The treatment of diffusion is based on irreversible 

thermodynamics, and a charge-transfer relationship is used at the electrode−electrolyte interface. 

In their experiment, CR2032 coin cells were assembled with the Si thin film as the working 

electrode and a lithium foil as the counter-reference electrode. For the potential sweeps, the product 

νTpoint (ν being the scan rate and Tpoint being the time per point) was kept constant and equal to 1 

[mV]/point. The experimental method allowed to isolate their analysis to the active material and 

avoided the necessity of treating binders, conductive diluents, and complicated geometries 

associated with conventional porous electrodes used in most practical lithium-ion batteries and in 

the construction and modelling of a Li−Si porous electrode. The model is shown to compare 

favourably with experimental results. Details have been discussed at chapter 2. 

Based on the studies of Wu and Cui [2] and others [3-6] three fundamental materials 

challenges are outlined to using Si as a viable battery electrode, as illustrated in Figure-2.1. 

Material pulverization is a common scenario in Si anodes. The large volume expansion/contraction 

during lithium insertion/extraction induces large stresses. These stresses can cause cracking and 

pulverization of the Si, which leads to loss of electrical contact and eventual capacity fading 
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(Figure-2.1a).  Morphology and volume change of the whole Si electrode is another important 

issue. The large volume changes also cause significant challenges at the level of the entire 

electrode. During lithiation, Si particles expand and impinge on each other. During delithiation, Si 

particles contract, which can result in detachment of their surrounding electrical connections. This 

drastic electrode morphology change can further contribute to capacity fading. In addition, the 

total volume of the whole Si anode also increases and decreases upon lithiation and delithiation, 

leading to electrode peel-off and failure, which creates challenges for full cell design.   

 

Figure-2.1: Si Electrode failure mechanisms: Material Pulverization (a); Morphology & volume change of the entire 

Si Electrode (b); Continues SEI growth (c) [2]  
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Solid-electrolyte interphase (SEI) development around the spherical particle is also 

detrimental to Si anode-based LIBs.  When the potential of the anode is below ∼1 [V] versus 

Li/Li+, the decomposition of the organic electrolyte at the electrode surface is thermodynamically 

favourable. The decomposition product forms a layer on the electrode material surface called the 

‘‘solid-electrolyte interphase’’ (SEI). The SEI stability at the interface between Si and the liquid 

electrolyte is a critical factor for obtaining long cycle life. However, the large volume change 

makes it very challenging to form a stable SEI. As illustrated in Figure-2.1b, Si particles expand 

out towards the electrolyte upon lithiation and contract during delithiation. The SEI formed in the 

lithiated (expanded) state can be broken as the particle shrinks during delithiation. This re-exposes 

the fresh Si surface to the electrolyte and the SEI forms again, resulting in thicker and thicker SEI 

upon charge/discharge cycling (Figure-2.1c). 

 

2.2 Voltage Hysteresis Identification 

One of the key challenges associated with Silicon anode-based Lithium-Ion Batteries 

(LIBs) is the emergence of voltage difference between lithiation and delithiation. During battery 

cycling experiment of silicon anode Cell, a huge voltage gap is seen. This phenomenon is known 

as “voltage hysteresis”. Various researchers have conducted several experiments with voltage 

hysteresis. Bertotti et al. [7] narrated at their work, “Whatever the physical system considered, 

hysteresis phenomena are always the sure indication that the system is living for long times in 

states that are far from thermodynamic equilibrium. Therefore, in principle, the observed behavior 

should be interpreted in the frame of nonequilibrium thermodynamics. This goal has not yet been 

achieved because of the many conceptual difficulties inherent in the extension of thermodynamic 
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methods to far-from-equilibrium conditions. Consequently, simplified approximate models based 

on reasonable phenomenological assumptions are still an unavoidable step in the interpretation of 

hysteresis phenomena”. This narration motived us to investigate the main reason behind voltage 

hysteresis generation in silicon anode half-cells. Wang et al. [8] at their work prepared self-healing 

silicon micro-particle anode based lithium-ion cell and conducted lithition-delithiation battery 

cycling test at four different C-Rates (C/10, C/5, C/3 & C/2).  From the experimental results of 

battery cycling test for C/10, a huge voltage gap is witnessed (Figure-2.2(a)) 

 

Figure-2.2: Identification of Voltage Hysteresis during lithiation-delithiation cycling in Silicon Anode based 

Lithium-Ion Batteries for C-Rate of C/10 (a) [8]; No voltage hysteresis is seen during battery cycling of Graphite 

Anode based Lithium-Ion Batteries for C-Rate of C/10 (b) [9]    

 

In our lab, we experimented with commercial pouch cell where anode is made of traditional 

graphite as shown in Figure-2.2(b). In Figure-2.2(b) during battery cycling test of traditional 

lithium-ion batteries, no hysteresis has been witnessed. From the aforementioned observation, it is 

clear voltage hysteresis can be found in silicon anode which can eventually damage the battery. In 
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our work, we figured out the main reason behind this voltage hysteresis generation. We developed 

a physics-based mathematical model to predict this reason of voltage hysteresis generation.  

2.3 Cracks Generation on Electrode Surface 

Surface cracks generation during lithiation-delithiation cycling is another challenge which 

caught the attention of the battery scientists. The lifespan of silicon cells can be hampered highly 

if crack generation continuously occurs on the surface of the electrode. Particles can break into 

small pieces and eventually damage the battery. 

 

Figure-2.3: Representative crater impressions: crater with crushed zone (CC) (a), crater with crushed zone and 

radial cracks (CCR) (b), crater with crushed zone and brittle cleavage fractures (CCC) (c) and crater with crushed 

zone, brittle cleavage fractures and radial cracks (CCCR) (d). (Experiment parameters: 50 m alumina particle, 90◦ 

erosion angle, and 308 m/s particle striking velocity.) [12] 
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Different types of cracks formation are in line with the elastic–plastic material deformation 

have been presented by various researches [5,11–15]. In view of that, the SEM images shown in 

Figure-2.3 can be described as follows: (i) plastic indentation, but insufficient tensile stress to 

induce cracking [Figure-2.3(a)], (ii) radial and lateral cracking with some added features probably 

due to crystallography [Figure-2.3(b)], (c) primarily lateral cracking with minor radial cracks 

[Figure-2.3(c)], and (iv) radial and lateral cracking [Figure-2.3(d)]. All four figures show clear 

evidence of plastic indentation and crack generation.  

 

Figure- 2.4: Representative scratch impressions: scratch with crushed zone (SC) (a), scratch with crushed zone and 

radial cracks (SCR) (b), scratch with crushed zone and brittle cleavage fractures (SCC) (c) and scratch with crushed 

zone, brittle cleavage fractures and radial cracks (SCCR) (d). (Experiment parameters: 50 m alumina particle, 90◦ 

erosion angle, and 308 m/s particle striking velocity.) [12] 
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The only significant difference is in the extents of radial and lateral cracking. Likewise, as 

shown in Figure-2.4, the scratches can be further classified as (a) scratch with crushed zone (SC), 

(b) scratch with crushed zone and radial cracks (SCR) (c) scratch with crushed zone and brittle 

cleavage fractures (SCC) and (d) scratch with crushed zone, brittle cleavage fractures and radial 

cracks (SCCR). Figure-2.4 can also be explained according to elastic–plastic framework: starch 

without any cracking [Figure-2.4(a)], minor lateral cracking [Figure-2.4(b)], some radial cracking 

[Figure-2.4(c)], and considerable lateral cracking [Figure- 2.4(d], although much of the cracking 

failed to progress towards chip formation. Figures-2.3 and 2.4 are not fundamentally different, 

other than the impression shape. This is due to the fact that, alumina particles are irregular and one 

would expect a range of indentation zone (different width-to-length ratios) depending on the 

condition whether the particles strike the Si surface with a shape or blunt ends. As most scratches 

have a negligible depth, they are mainly responsible for crack network formation, which decreases 

material strength. These SEM images show how crucial surface crack generation can be. We have 

included this phenomena under in our battery model by implementing since as Li et al. [16] 

reported that the combined effect of lithium-ion diffusion, potential-concentration gradient and 

stress plays a crucial role in rate capability and cycle life of Si-based anodes of lithium ion 

batteries. 
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CHAPTER 3: LITERATURE SURVEY 

3.1 Researches on Silicon in Wafers as Electrochemically Active Material  

Before developing our own model, we performed a through literature survey. We wanted 

to check what types of experiment and modeling works are on-going with silicon anode in the 

battery arena. While there have been a lot of electrochemical studies on the silicon in wafers, the 

studies on silicon particles have been relatively. Some of the works on the silicon in wafers are 

highlighted below, 

3.1.1 Experimental Research  

3.1.1.1 Electrochemical Cell 

Sethuraman et al. [1,2] fabricated electrode at their work using oxide free silicon wafers. 

Further, the Cu underlayer serves as a current collector, and aids in uniform current distribution 

on the Si electrode, an important role during the first cycle lithiation. The electrochemical-cell 

assembly is shown schematically in Figure-3.1.  

 

 

 

 

 

 

 

 

Figure- 3.1: Schematic illustration of the electrochemical-cell assembly; and the MOSS setup to measure substrate 

curvature (a). The relative change in the laser-spot spacing on the CCD camera’s sensor is proportional to the 

curvature of the Si wafer (b). Note that the schematic is not drawn to scale. [1,2] 
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The Si wafer (coated with the Cu and Si thin films) was then assembled into a home-made 

electrochemical cell (Figure-3.1) with a lithium metal counter and reference electrode (diameter = 

5.08 cm, thickness = 1.5 mm), and a woven Celgard 2500 separator (diameter = 5.2 cm, thickness 

= 50 m, Celgard Inc., Charlotte, NC). 1.2 M lithium hexafluoro phosphate in 1:2 (vol%) ethylene 

carbonate:diethyl carbonate with 10% fluoroethylene carbonate additive (Novolyte Technologies 

Inc., Independence, OH) was used as the electrolyte. 

3.1.1.2 Electrochemical Measurements  

The same group conducted electrochemical measurement in an environmental chamber. 

The cell was cycled galvanostatically at a current of 25 Acm−2 (ca. C/4 rate) between 1.2 [V] and 

0.01 [V] vs. Li/Li+. The lower limit of 0.01 [V] vs. Li/Li+ was chosen to avoid lithium plating and 

to avoid the formation of the crystalline Li15S4 phase. Two open-circuit relaxation experiments 

were conducted at approximately 50% state of charge, one from the lithiation side and another 

from the delithiation side.  

      

Figure-3.2: Cell potential vs. capacity curve corresponding to lithiation and delithiation of magnetron-sputtered 

amorphous Si thin-film electrode cycled at C/4 rate between 1.2 and 0.01 V vs. Li/Li+ (a), and the corresponding 

stress calculated from the substrate curvature data using the Stoney equation (b). The curves labeled X and Y 

correspond to the stresses calculated from the averaged horizontal and the vertical displacement of the spots, 

respectively. The arrows in both figures indicate cycling direction. [1,2] 
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Then they conducted battery cycling test and observed the following experimental results 

[1,2]. Figure-3.2(a) shows battery cycling test results of wafer made Si anode-based LIBs. Voltage 

hysteresis is observed from their experiments as well. Whereas figure-3.2(b) exhibits stress [GPa] 

vs capacity [mAh/g] graph, which is calculated from Stoney’s equation, 

𝜎𝑓 =
𝐸𝑠ℎ𝑠

2𝜅

6ℎ𝑓(1−𝜈𝑠)
                                                 [3.1]  

An experimental investigation is carried out on silicon thin-film electrodes in which the 

stress is measured in situ during electrochemical lithiation and delithiation [1,2]. 

 

3.1.2 Modelling Development  

Some researchers developed mathematical models and used Sethuraman et al.’s [1,2] 

experimental data to validate their model. A multi-physics microstructure-resolved model (MRM) 

has been developed by Wang et al. [4] for Li-ion battery (LIB) cells with an a-Si anode. The model 

couples the electrochemical kinetics, species transports, and structural/stress evolutions. The 

model was validated with experimental results in the literature. 

Wang et al. developed a two-dimensional (2D) half-cell model and included two different 

parts at their model development, one is regarded as Sub-battery section and the other section is 

called Sub-stress. They used the experimental results as shown in Figure-3.2 from Sethuraman at 

el. [1,2]. Some of the simulation results of Wang et al. are shown is Figure-3.3. Other than them, 

few other groups [5-10] have also used the experimental data of Sethuraman et al. [1,2]. Here none 

of the group considered volumetric changes occurring in spherical silicon particles. Because of 

volume expansion, particle radius will also come into play. But nobody else has considered that. 
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Figure-3.3: The schematic of cell model with Si nanowire (a). Comparisons of the cell voltage vs. SOC curves 

obtained by simulations with k0= 8x10-15 (m/s) (mol/m3)-0.7, αa = 0.7 and αc = 0.3 (solid lines) and the experimental 

results (markers) by Zhang et al. [18] (b). The FE model used to simulate of the experiment of the thin film a-Si 

electrode by Sethuraman et al. [2] (c). The comparison between simulations and experiments are given for both (d) 

cell voltage (d) and biaxial stress vs. SOC during cycling at C/4 rate (e). [4] 

 

In our work, we gathered the data from actual silicon micro-particle cell used their data to 

validate our mathematical model. Two important factors, volume expansion and surface crack 

generation on the surface electrode were considered highly before developing our own model.  
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3.2 Researches on Spherical Particles of Silicon Anodes 

3.2.1 Battery Modelling 

Several battery researchers have developed models [4-15] to describe different kinds of 

physical phenomenon occurring inside batteries. But they did not consider physical challenges 

associated with silicon anodes such as volume expansion, crack generation on the surface electrode 

and particle size changing. Lacking in other researchers’ [4-15] model motivated us to conduct 

more research on silicon anode.  

3.2.1.1  Analytical Solution for Hydrostatic Stress 

Hydrostatic stress is an important phenomenon in silicon anode. Earlier battery scientists 

said on the verdict that hydrostatic stress is the main reason behind voltage hysteresis. Cheng & 

Verbrugge [16] developed an analytical solution to calculate hydrostatic stress. The equation has 

been developed as below, 

𝜎ℎ(𝑅) =
2𝐸Ω

9(1 − 𝜈)
[𝑆1𝑐𝑎𝑣(𝑅) − 𝑐(𝑅)] + 𝑆2                            [3.2] 

This equation is dependent on molar concentration, c [mol/m3] and average surface concentration 

cav [mol/m3]. Jin et al. [11] used this equation [4.1] at their work to calculate the stress-induced 

voltage. S1 & S2 can be calculated as, 

𝑆1 =

1 −
𝐾𝑆

𝑅𝑔

(1 + 𝜈)
𝐸  

1 +
2𝐾𝑆

𝑅𝑔

1 − 2𝜈
𝐸

                                                                  [3.3] 



24 

 

𝑆2 = −

2𝜏0

𝑅𝑔
 

1 +
2𝐾𝑆

𝑅𝑔

1 − 2𝜈
𝐸

                                                             [3.4] 

Ks is regarded as Surface modulus [N/m] and τ0 is denoted as Deformation independent surface 

tension [J/m]. Rg is known as the Universal gas constant [J/mol/K]. 

𝑐𝑎𝑣(𝑡) = 𝑐0 +
∫

𝑖𝑎𝑝𝑝(𝑡)

𝑎𝑉𝐹𝐿
𝑑𝑡

𝑡

0

𝜖𝑎𝑉
= 𝑐0 + ∫

𝑖𝑎𝑝𝑝(𝑡)

𝜖𝐹𝐿
𝑑𝑡

𝑡

0

             [3.5] 

Here, c0 is the initial molar concentration [mol/m3] and the other parameters are the same as before. 

A list of parameters has been added later in chapter-4. 

3.2.1.2 Model Development without Volume Expansion and Experimental Validation 

Jin et al. at their work developed a single particle spherical model. They included the 

analytical solution developed by Cheng and Verbrugge [16].  

Instead of going with the traditional Butler-Volmer (BV) equation, they used a modified BV 

equation including hydrostatic stress induced voltage. The traditional Butler-Volmer (BV) 

equation is written as below [17], 

𝑗𝑛 =
𝑖0

𝐹
{exp [

𝐹(𝑉 − 𝑈)

2𝑅𝑇
] − exp [−

𝐹(𝑉 − 𝑈)

2𝑅𝑇
]}                                                   [3.6] 

But Jin and his group [11] modified the above equation [4.2] as below, 

𝑗𝑛 =
𝑖0

𝐹
{exp [

𝐹(𝑉 − 𝑈) − 𝜎ℎΩ

2𝑅𝑇
] − exp [−

𝐹(𝑉 − 𝑈) − 𝜎ℎΩ

2𝑅𝑇
]}                         [3.7] 
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In the equation above, the stress induced voltage (σhΩ) is included. Even though the group added 

this additional term in their model, they did not consider the volume expansion part in their model. 

The following equation is generally used to calculate this value, 

𝑖0 = 𝐹𝑘0𝑐𝐿
1−𝛼(𝑐max − 𝑐surf)

1−𝛼𝑐surf
𝛼                                                                        [3.8] 

Here, F is Faraday’s constant [C/mol], k0 is Rate constant. CL is the concentration of electrolyte 

[mol/m3]; cmax is the maximum concentration [mol/m3] and csurf is the surface concentration 

[mol/m3] and α is the the net current density. Details about these equations have been discussed in 

chapter-4. 

3.2.1.3 Stress Induced Diffusion 

Zhang et al. [18] simulated intercalation-induced stresses during the discharge process and 

developed a stress-diffusion coupling model. They modified mass diffusion equation Fick’s 2nd 

law as below,  

𝜕𝑐

𝜕𝑡
= 𝐷

𝜕

𝜕𝑟
(

𝜕𝑐

𝜕𝑟
−

𝛺𝑐

𝑅𝑇

𝜕𝜎ℎ

𝜕𝑟
)                                                                                         [3.9] 

Their boundary conditions were implemented as below, 

𝐷 (
𝜕𝑐 

𝜕𝑟
−

𝛺𝑐

𝑅𝑇

𝜕𝜎ℎ

𝜕𝑟
) = −

𝑖𝑛

𝐹
 ; 𝑤ℎ𝑒𝑛,  𝑟 = 𝑅                                                               [3.10] 

𝐷 (
𝜕𝑐 

𝜕𝑟
−

𝛺𝑐

𝑅𝑇

𝜕𝜎ℎ

𝜕𝑟
) = 0 ; 𝑤ℎ𝑒𝑛,  𝑟 = 0                                                                      [3.11] 

From the equations above, hydrostatic stress was also calculated from the analytical 

solution of Cheng and Verbrugge [16]. Their simulations of spherical particles showed that larger 
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particle sizes and larger discharge current densities give larger intercalation induced stresses. 

Furthermore, internal stress gradients significantly enhance diffusion. In total, these results 

suggested that it is desirable to synthesize electrode particles with smaller sizes and larger aspect 

ratios to reduce intercalation-induced stress during the cycling of lithium-ion batteries. 

Christensen et al. [19] incorporated a rigorous mathematical model for diffusion-induced 

stress generation in spherical Li-ion active materials into a full-cell model with porous electrodes. 

At their work, they showed that in conventional electrode materials (with small volume 

expansion), pressure diffusion plays a limited role in determining the galvanostatic voltage 

response but becomes important in determining the stress response, whereas variability in the 

solid-phase diffusion coefficient can have a significant impact on both the voltage and stress 

response. Pressure diffusion and nonlinear lattice expansion play an important role in determining 

both the voltage and stress response in large-volume-expansion materials (e.g., alloys and perhaps 

graphite at low utilization). 

Stress evolution in cells with well-connected fragments exhibited up to three mechanical 

response regimes: rapid rise in stress within fragmented particles near the separator, stress increase 

in larger unfragmented particles once their concentration profiles become fully developed, and 

stress amplification in unfragmented particles due to the saturation of fragmented particles. Some 

of the results have been demonstrated on Figure-3.4. With the passage of time, stress tends to vary. 

Their results clearly indicate why it is so important to include stress in silicon anode-based battery 

model development. While developing our own model, we kept that one under our consideration.  
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Figure-3.4: Color online stress extrema in an anode & cathode (“energy” cell) during a 36 s 10C discharge and 

subsequent relaxation. Maximum tangential stress (at particle surface), neglecting pressure diffusion (a); maximum 

tangential stress, including pressure diffusion (b); minimum radial and tangential stresses (at particle center), 

including pressure diffusion (c); and minimum radial and tangential stresses, neglecting pressure diffusion (d). The 

vertical dotted line indicates the time at which the current is interrupted. [19] 
 

3.2.1.4 Single Particle Model 

We wanted to make our model as simple as possible, therefore we have chosen to work 

with single particle one dimensional (1D) model. In the past, some researchers [11-13,20] worked 

with single particle model (SPM). But they overlooked important criteria. For example, Song et 

al. [12] and Jin et al. [11] worked with SPM, but they have not taken the volume expansion 

phenomenon into their account. Song [11] and Zhang [12] at the work theoretically investigated 

the effects of mechanical stresses on the voltage hysteresis of a lithium-ion battery during charge-

discharge cycles. A diffusion-reaction-stress coupling model has been established. They found the 

voltage and overpotential are affected by diffusion-reaction-stress coupling. But they neither had 

experimental validation nor included volume changing part in their model which is a crucial part. 

Negligence of this part encouraged us to develop our own model. 
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3.2.2   Experimentation Work 

We wanted to validate our mathematical model with experimental results. Therefore, we 

did some literature survey to find experimental research done with silicon anode-based lithium-

ion batteries (LIBs). Some of the key results have been discussed in the following sections.  

3.2.2.1 Asymmetric Diffusivity 

Li et al. reported that the charging and discharging rates of lithium-ion-battery electrodes 

should be evaluated separately due to the asymmetric effect in the chemical in the chemical 

diffusion coefficients during lithiation and delithiation [21]. The following figure demonstrates the 

situation, 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure-3.5: Chemical diffusion coefficients of Li in Si at different SOC values measured by PITT.[21] 

 

From the figure, Diffusion coefficients have a smaller effect on the asymmetric rate 

performance, where the chemical diffusion coefficient in delithiation is approximately 3 times 

lower than that in lithiation. Their work provided new insight into determining the rate-limiting 
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component in lithium-ion batteries and identifying candidate electrodes for high-power 

applications. This part is very essential for model development. 

3.2.2.2 Self-Healing Chemistry of Silicon Microparticles 

Wang et al. [22] demonstrated self-healing chemistry of silicon active materials and 

conducted lithiation-delithiation cycling experiments at different C-Rates. They proceeded to 

fabricate the self-healing silicon electrodes by sealing SiMP’s inside an SHP/CB composite 

coating. Coin cells with metallic lithium counter electrodes were employed to evaluate the 

electrochemical performance of the electrodes. On deep galvanostatic cycling between 0.01 [V] 

and 1 [V], the discharge (delithiation) capacity reached 2,617 [mAh/g] for the first cycle at a 

current density of 0.4 [A/g] which is about six times higher than the theoretical capacity of 

graphite. The electrode shows good cycling stability.  

 

Figure-3.6: Cycling properties of the self-healing SiMP electrode (Capacity Retention) (a); Voltage vs Normalized 

Capacity for different C-Rates (C/10. C/5. C/3 & C/2) (b)[22] 

 

Here, Rate-capability tests showed that the SiMP/SHP/CB electrodes retain their stable 

cycling stability at various rates, as shown (Figure-3.6(a)). Five different C-Rates such 0.2 A/g, 
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0.4 A/g, 0.8 A/g, 1.2 A/g and 2.0 A/g can be converted as C/20, C/10, C/5, C/3 and C/2 

respectively. For both lithiation-delithiation cycling 3,200 [mAh/g] Capacity was achieved when 

the cycling test was conducting as C/20. Similarly, for C-Rates of C/10, C/5, C/3 and C/2, specific 

capacity was found as 2936.00 [mAh/g], 2544.48 [mAh/g], 1772.83 [mAh/g] and 1450.24 

[mAh/g]. We used these experimental results to validate our mathematical model using simulation. 

Details have been provided in the next chapter.  

Next, for experimental validation, we normalized the capacities by of each segment with a 

maximum capacity for four different C-Rates as C/10, C/5, C/3 and C/2. Then, we changed the 

direction of the current to create a complete battery cycling loop as shown in the Figure-3.6 (b). 

3.2.2.3 Side-Reaction Correction 

Side-reaction correction is another important factor. During battery cycling tests, some by-

products are generated along with the main reaction at the interface of anode and separator. If by-

products are not omitted, battery cycling loop cannot be completed. Therefore, it is necessary to 

rectify side reaction. Sethuraman et al. [23] demonstrated a technique to complete side-reaction. 

According to them, If the marching behavior seen from cycle to cycle is caused by the 

electrolyte reduction reaction, the applied current during the lithiation process can then be written 

(ignoring double-layer charging) as: 

Total current (iapp) = Lithiation current (imain) + Electrolyte reduction current (iside)     [3.12] 

Similar to the approaches taken by Darling and Newman [24] for the LiyMn2O4 system and by 

Tafel and Newman [25] for the nickel hydroxide system, we assume Tafel kinetics for the 

electrolyte-reduction reaction. The current due to this reaction can be written as, 
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𝑖𝑠𝑖𝑑𝑒 = 𝑖0,𝑆𝑅𝑒[−
𝛼𝑠𝑖𝑑𝑒𝐹

𝑅𝑇
(𝑉−𝑈𝑠𝑖𝑑𝑒)]

         [3.13] 

The transfer coefficient for the side reaction, αside, was assumed to be 0.5. While Tafel 

kinetics does not provide an explicit equilibrium potential (io and U are related), Sethuraman et al. 

[23] assumed a value of Uside= 0.8 vs. Li/Li+ to estimate i0,SR. This side-reaction current was then 

calculated through the cycle assuming an i0 such that the marching was eliminated from the cycling 

data. This is illustrated in Figures 3.7 and 3.8. Figure 3.7 shows the steady-state cycling data 

comprising of lithiation/delithiation cycle for C/10. Here it is noticed that initial and bottom points 

are not marching during the cycling test.   

 

 

 

 

 

 

 

 

 

Figure-3.7: Voltage vs Normalized Capacity for C/10 (Without side-reaction correction) [22] 

 

The voltage, V is collected from the experimental results. Here, F is denoted as Faraday’s constant, 

F= 96485.3 [C/mol], R is gas constant, R = 8.314 [J/mol/K] and Temperature, T = 298 [K]. 
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Figure-3.8: Voltage vs Normalized Capacity for C/10 (After side-reaction correction) 

The figures above shown demonstrated how we implemented side-reaction correction on the 

experimental data of Want et al. [22]. It is necessary to get open circuit voltage (OCV) from the 

experiment. We used those data in our model.   
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CHAPTER 4: MATHEMATICAL MODEL 

4.1 Model Development 

4.1.1 Own Generated Mathematical Model 

We wanted to make our model very simple. So, we started with a one-dimensional single 

spherical particle model. Following key features are added in our model, 

• A physics-based mathematical model for silicon half-cell is generated. 

• Single particle model is implemented. 

• State of charge (SOC) dependent radius is used. 

• Asymmetric diffusivity, Ds and exchange current density, i0 values are used; one for lithiation 

cycle & the other for delithiation and specific volume is also changed as a function of radius. 

We added a few mathematical equations which are necessary for model development. How we 

used them is explained in the following sections.  

4.1.1.1 Governing Equations & Boundary Conditions 

All the phenomenon happened inside the silicon anode has been represented by one single 

spherical particle. Fick’s 2nd law known as mass diffusion equation can be presented as [1], 

𝜕𝑐

𝜕𝑡
= 𝐷

𝜕2𝑐

𝜕𝑟2
+ 2

𝐷

𝑟

𝜕𝑐

𝜕𝑟
                                                  [4.1] 

Here, c is denoted as Lithium concentration [mol/m3]. D is regarded as Solid diffusivity [m2/s] and 

r is the radius [m] working in the x-direction. t is denoted as time [s]. Two boundary conditions 

have been set. Boundary conditions & schematic diagram of the spherical particle are denoted as, 



37 

 

Boundary Condition-1 (BC-1):   

𝐷
𝜕𝑐

𝜕𝑟
= −

𝑖𝑎𝑝𝑝

𝑎𝑉𝐿𝐹
 ; 𝑓𝑜𝑟 𝑟 = 𝑅                                    [4.2] 

Boundary Condition-2 (BC-2):   

𝐷
𝜕𝑐

𝜕𝑟
= 0 ; 𝑓𝑜𝑟 𝑟 = 0                                                  [4.3] 

Here in the Boundary condition-1, jn is the net flux [mol/m2/s] it can be denoted as,   

𝑗𝑛 =
𝑖𝑎𝑝𝑝

𝑎𝑉𝐿𝐹
                                                                    [4.4] 

In the above equation, iapp is denoted as applied current [A/m2], L is known as anode length [m]. F 

is Faradays’ constant [C/mol]. aV is regarded as the surface-to-volume ratio [1/m], it is defined as 

below, 

𝑎 =
𝑁 ∗ 4𝜋𝑅2

1
𝜖

𝑁 ∗
4
3

𝜋𝑅3
=

3𝜖

𝑅
                                             [4.5] 

ε is denoted as porosity. N is the number of particles which is 1 in this case and R is the particle 

radius as a function SOC  [m]. 

4.1.1.2 Auxiliary Conditions & Equations 

4.1.1.2.1 Hydrostatic Stress 

It was stated earlier, silicon particle experiences ~300% volume expansion during battery 

cycling and after several cycles crack generation occurs at the electrode surface. For this reason, 

hydrostatic stress develops during the cycling test. Verbrugge and Cheng [2] developed an 
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analytical solution for hydrostatic stress calculation. We included that stress term in our model. 

The equation has been developed as below, 

𝜎ℎ(𝑅) =
2𝐸Ω

9(1 − 𝜈)
[𝑆1𝑐𝑎𝑣(𝑅) − 𝑐(𝑅)] + 𝑆2                                           [4.6] 

Here, σh is denoted as Hydrostatic stress [MPa]. E is known as Young’s modulus [GPa]. ν is 

regarded as Poisson’s ratio. Ω is Partial Molar Volume [m3/mol]. cav(R) is the average 

concentration influential for hydrostatic stress generation. The unit is [mol/m3] and c(R) is the 

molar concentration at the surface. S1 & S2 is calculated as below, 

𝑆1 =

1 −
𝐾𝑆

𝑅𝑔

(1 + 𝜈)
𝐸  

1 +
2𝐾𝑆

𝑅𝑔

1 − 2𝜈
𝐸

                                                                                 [4.7] 

𝑆2 = −

2𝜏0

𝑅𝑔
 

1 +
2𝐾𝑆

𝑅𝑔

1 − 2𝜈
𝐸

                                                                             [4.8] 

We also discussed about these equations and in chapter no-3. Some of the parameters were used 

here has been in included in parameters list which will be discussed later. 

Average surface concentration [mol/m3] as a function of time is calculated developing following 

equation, 

𝑐𝑎𝑣(𝑡) = 𝑐0 +
∫

𝑖𝑎𝑝𝑝(𝑡)

𝑎𝑉𝐹𝐿
𝑑𝑡

𝑡

0

𝜖𝑎𝑉
= 𝑐0 + ∫

𝑖𝑎𝑝𝑝(𝑡)

𝜖𝐹𝐿
𝑑𝑡

𝑡

0

                            [4.9] 

Here, c0 is the initial molar concentration [mol/m3] and the other parameters are the same as before. 

A list of parameters has been added later in this chapter. 
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4.1.1.2.2 Modified Butler-Volmer (BV) Equation 

For battery modeling, Butler-Volmer (BV) Equation is one of the most essential parts. Here 

we included the modified version of BV equation [3] where stress induced voltage part is included.   

𝑖𝑎𝑝𝑝

𝑎𝑉𝐿𝐹
=

𝑖0

𝐹
{exp [(1 − 𝛼)

𝐹(𝑉 − 𝑈) − 𝜎ℎΩ

𝑅𝑇
] − exp [−𝛼

𝐹(𝑉 − 𝑈) − 𝜎ℎΩ

𝑅𝑇
]}                  [4.10] 

Here, 𝜎ℎΩ is called the stress induced voltage. Zhang et al. [4], Cheng and Verbrugge [2] and Jin 

et al. [1] all indicated how important it is to include this additional term in BV equation. i0 is called 

the exchange current density. The following equation is generally used to calculate this value, 

𝑖0 = 𝐹𝑘0𝑐𝐿
1−𝛼(𝑐max − 𝑐surf)

1−𝛼𝑐surf
𝛼                                                                                           [4.11] 

Where k0 is known as Rate constant and csurf & cL are known as surface concentration [mol/m3] & 

concentration of electrolyte [mol/m3]. But, in our model, we used asymmetric exchange current 

density values instead of going with eqn [4.11] 

Butler-Volmer equation can be derived as follow, 

For lithium insertion into the silicon,  

LiSi → Li+ + 𝑒− + Si                                                                             [4.12] 

The OCP, 𝑈 can be expressed as 

𝐹𝑈 = 𝜇𝐿𝑖
0 + 𝜇𝑠𝑖 − 𝜇𝐿𝑖𝑆𝑖                                                                           [4.13] 

The electrochemical potential 𝜇𝐿𝑖𝑆𝑖 can be expressed with the mechanical stress as 

𝜇𝐿𝑖𝑆𝑖 = 𝜇𝐿𝑖𝑆𝑖
0 + 𝑅𝑇 ln 𝑎𝑥 + Ω𝜎ℎ                                                           [4.14] 
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Where 𝜇0 is a constant value at reference state, R is the gas constant, T is the temperature, a is the 

activity coefficient, x is the mole fraction, and 𝜎ℎ is hydrostatic stress. So, 

𝐹𝑈 = 𝜇𝐿𝑖
0 + 𝜇𝑠𝑖 − 𝜇𝐿𝑖𝑆𝑖

0 − 𝑅𝑔𝑇 ln 𝑎𝑥 − Ω𝜎ℎ                                                                         [4.15] 

Therefore, we may have shift in the OCP by the mechanical stress, and the OCP with mechanical 

stress, Ust 

𝑈𝑠𝑡 = 𝑈 +
Ω𝜎ℎ

𝐹
                                                                                                                           [4.16]  

Then, in the cell-level modeling, this can be included in the Butler-Volmer equation: 

𝑗𝑛 =
𝑖0

𝐹
{exp [(1 − 𝛼)

𝐹(𝑉 − 𝑈) − 𝜎ℎΩ

𝑅𝑇
] − exp [−𝛼

𝐹(𝑉 − 𝑈) − 𝜎ℎΩ

𝑅𝑇
]}                     [4.17] 

If the symmetric coefficient 𝛼 = 1/2 

𝑗𝑛𝐹

2𝑖0
= sinh

𝐹(𝑉 − 𝑈) − 𝜎ℎΩ

2𝑅𝑇
                                                                                                   [4.18] 

Or 

𝑉 = 𝑈 +
𝜎ℎΩ

F
+

2𝑅𝑔𝑇

𝐹
asinh

𝑗𝑛𝐹

2𝑖0
                                                                                             [4.19]  

Putting the value of flux value jn the above equation can be written as, 

𝑉 = 𝑈 +
𝜎ℎΩ

F
+

2𝑅𝑔𝑇

𝐹
 sinh−1 (

𝑖𝑎𝑝𝑝

2𝑖0𝑎 𝐿𝐹
)                                                                             [4.20] 

Here, V is the Voltage [V] and other parameters have been discussed. We used this equation no 

[4.19] in our model to generate several results. 
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4.1.1.2.3 Radius as a Function of State of Charge (SOC) 

This is the most important feature of our model. As it was mentioned earlier silicon particle 

experiences ~300% expansion during lithiation and contraction during delithiation. Therefore, the 

radius of the particle also experiences a change of radius as the state of charge (SOC) progresses. 

Derivation of particle radius has been discussed here.  

When the particle is fully delithiated, the SOC is 0, we considered the particle volume as V = V0. 

Since, silicon experiences ~300% volume expansion during lithiation. At fully lithiatied condition, 

when SOC=1, Final particle volume becomes as V = 3V0.  

Since, we are considering spherical particle. Therefore, we considered volume equation as 𝑉 =

 
4

3
𝜋𝑟 

3. Following schematic diagram shows the working principle, 

 

Here, When SOC = 0, Vi = V0 and at SOC =1, Vf= 3V0 

The volume equation is developed as below, 

𝑉 (𝑆𝑂𝐶) = 𝑉0 + 𝑆𝑂𝐶(𝑉𝑓 − 𝑉𝑖) 

=>  𝑉 (𝑆𝑂𝐶) = 𝑉0 + 𝑆𝑂𝐶(3𝑉0 − 𝑉0)        [At fully lithiated state] 

=>  𝑉 (𝑆𝑂𝐶) = 𝑉0 + 𝑆𝑂𝐶(2𝑉0) 

=>  𝑉 (𝑆𝑂𝐶) = 𝑉0(1 + 2𝑆𝑂𝐶) 

=>  
4

3
𝜋𝑟 

3(𝑆𝑂𝐶) =
4

3
𝜋𝑟0

3(1 + 2𝑆𝑂𝐶)        
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 𝑟(𝑆𝑂𝐶) = 𝑟0 √(1 + 2𝑆𝑂𝐶)
3

 

Therefore, our own developed equation can be written as below, 

𝑟 (𝑆𝑂𝐶) =  𝑟0[1 + (2𝑆𝑂𝐶)]
1
3                                                                                                       [4.21] 

 

Here, r0 is defined as initial particle radius. SOC is regarded as the State of Charge. r(SOC) is 

defined as the particle radius equation as a function of SOC. We are the first one to include this 

feature in mathematical battery model development.  

How volume and particle radius are connected with SOC has been discussed in the section below,  

The following figure demonstrates how does it work as SOC changes. 

 

 

 

 

 

 

 

 

 

Figure-4.1: Working Principle of Particle Radius as a Function of SOC 
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The following table explains how equation [4.12] is developed, 

Circle SOC State 
𝒗𝟎(𝑺𝑶𝑪)

𝒗𝟎
 

𝒓(𝑺𝑶𝑪)

𝒓𝟎
 

Pink 0 Unlithiated 1 1 

Green 1 Fully lithiated 3 1.45 

 

In Figure-4.1, the pink circle denotes unlithiated condition when SOC is 0 and the green circle 

denotes fully lithiated condition when SOC=1. State of charge is defined as below, 

𝑆𝑂𝐶 =
𝐴𝑣𝑒𝑟𝑔𝑎𝑒 𝐶𝑜𝑛𝑐𝑒𝑛𝑡𝑟𝑎𝑡𝑖𝑜𝑛 

𝑀𝑎𝑥𝑖𝑚𝑢𝑚 𝐶𝑜𝑛𝑐𝑒𝑛𝑡𝑟𝑎𝑡𝑖𝑜𝑛 
=

𝑐𝑎𝑣𝑔

𝑐max  
                 [4.22] 

At unlithiated condition, the volume is constant and defined as 1. As SOC progresses, 

volume keeps increasing, and at fully lithiated condition particle experiences ~300% volume 

expansion meaning volume enlarges 3 times the initial volume. Therefore, at fully lithiated 

condition, the ratio of v0(SOC)/v0 becomes 3.  

Similarly, r0(SOC)/r0 is 1 at unlithiated condition and as SOC progress when SOC becomes 1, the 

particle radius ratio becomes 1.45.  

 

4.1.1.2.4 Asymmetric Solid Diffusivity 

Another new feature we added in our model is the usage of asymmetric solid diffusivity. 

In the past, previous researchers used constant value throughout the model. Since Li et al. [5] 

reported at their work, charging and discharging rates of lithium-ion-battery electrodes should be 

evaluated separately due to the asymmetric effect in the chemical in the chemical diffusion 
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coefficients during lithiation and delithiation. Therefore, we used two different values for solid 

diffusivity, one for lithiation and another one for delithiation instead of going with constant values 

throughout. Results have been demonstrated in the following chapter.   

4.1.1.2.5  Asymmetric Exchange Current Density 

Likewise, asymmetric solid diffusivity, for the case of exchange current density we used 

two different exchange current density values one for lithiation and another one for delithiation. 

In general case eqn [4.11] is commonly used by most researchers. In our case, we used asymmetric 

values as Li et al. at their report [5] provided new insight into determining the rate-limiting 

component in lithium-ion batteries and identifying candidate electrodes for high-power 

applications. We are the first one in this field to include these crucial features in modelling 

development. 

 

4.1.1.3 Merging of Single Particle Model, Stress & Strain, Stress-Induced Diffusion, Volume 

Expansion and Asymmetric Parameters  

In our model work we merged single particle model (SPM), included mass diffusion 

equation (Fick’s law), hydrostatic stress induced Butler-Volmer (BV) equation, volume expansion, 

state of charge (SOC) based particle radius, asymmetric diffusivity and asymmetric exchange 

current density all together and developed our physics-based mathematical model. We set two 

boundary conditions as discussed earlier. One at the center of the particle and other one at the 

surface of the spherical particle. The following Band-Map model will highlight the key equations 

we included in our model.  
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Table-4.1: Governing equations and boundary conditions for the SPM model. 

Governing Equations Boundary Conditions 

Mass Balance in Solid Phase (spherical 

coordinate) (cs: lithium concentration), 

 

𝜕𝑐

𝜕𝑡
= 𝐷

𝜕2𝑐

𝜕𝑟2
+ 2

𝐷

𝑟

𝜕𝑐

𝜕𝑟
 𝐷

𝜕𝑐

𝜕𝑟
|𝑟=𝑅 = −

𝑖𝑎𝑝𝑝

𝑎 𝐿𝐹
;       𝐷

𝜕𝑐

𝜕𝑟
|𝑟=0 = 0 

Average Concentration Profile in Solid Phase, 
 

𝜖𝐹𝐿
𝑑𝑐𝑎𝑣(𝑡)

𝑑𝑡
= 𝑖𝑎𝑝𝑝(𝑡)  

Modified Butler-Volmer Voltage Equation,  

𝑉 = 𝑈 +
𝜎ℎΩ

F
+

2𝑅𝑇

𝐹
 sinh−1 (

𝑖𝑎𝑝𝑝

2𝑖0𝑎 𝐿𝐹
)  

 

In order to find the parameters, we did some literature survey and identified the best parameters 

required to compile our model. The parameters we used in our model is given below, 

 

Table-4.2: List of model parameters used in this study 

 

Parameters Values Description Remarks 

r0 2.1 x 10-6  Initial Particle Radius [m] Ref [7] 

Dl 2 x 10-15  Solid Diffusivity [m2/s] for Lithiation Measured 

Dd 5 x 10-15 Solid Diffusivity [m2/s] for Delithiation  

Ĉ 
Calculated from 

experiment 

Columbic Capacity [mAh/g] “ 



46 

 

i0l 0.006 
Exchange Current Density [A/m2] for 

Lithiation 

“ 

i0d 0.008 
Exchange Current Density [A/m2] for 

Delithiation 

“ 

cmax ρ x 
Ĉ

𝐹
 Maximum Concentration [mol/m3] “ 

C-rate 
Calculated from 

experiment 

C-Rate [1/h] “ 

c01 x0 x cmax Initial Concentration [mol/m3] Ref [1] 

E 90 Young's Modulus Constant [GPa] Ref [6] 

ν 0.28 Poisson's Ratio Constant “ 

ε 0.6517 Volume Ratio of Silicon “ 

L 116 x 10-6  Thickness of Electrode [m] Ref [1] 

F 96487  Faraday Constant [C/mol] “ 

Rg  8.314  Universal Gas Constant [J/mol/K] “ 

T 298  Temperature [K] “ 

ρ 2330 Density of Silicon [kg/m3] “ 

x0 0.0001 Initial SOC of silicon 0.0001 “ 

Ω 4.5 x 10-6 Partial Molar Volume [m3/mol] Ref [6] 

Ks 5  Surface Modulus [N/m] Ref [2] 

τ0 1  
Deformation-Independent Surface Tension 

[J/m2] 

“ 

m 1.043798 x 10-3 Mass of the Cell [kg] Measured 
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4.1.2 Discussion 

As we mentioned before we wanted to make our model as simple as possible. Therefore, we started 

with a single spherical particle one-dimensional model. The extra features we have in our model 

is volume expansion, variable radius as a function of SOC, asymmetric diffusivity and asymmetric 

exchange current density, modified Butler-Volmer (BV) equation having hydrostatic stress 

induced voltage term. After developing the model, we ran a simulation in COMSOL Multiphysics 

5.5 and validated our model with experimental data from Wang et al. [7]. Details have been 

provided in the following chapter. 

 

 

 

 

 

 

 

 

 

 

 

 

 



48 

 

4.2 References 

[1] A.A. Hossain, Y. Cha, M. Song, S. U. Kim, Side Reaction Correction and Non-linear Exchange 

Current Density for Mathematical Modeling of Silicon Anode Based Lithium-Ion Batteries, 

(2020). doi:10.13140/RG.2.2.36674.40646. 

[2] Y. Cheng, M. Verbrugge, The influence of surface mechanics on diffusion induced stresses 

within spherical nanoparticles, Journal of Applied Physics. 104 (2008) 083521. 

doi:10.1063/1.3000442. 

[3] C. Jin, H. Li, Y. Song, B. Lu, A. Soh, J. Zhang, On stress-induced voltage hysteresis in lithium 

ion batteries: Impacts of surface effects and inter-particle compression, Science China 

Technological Sciences. 62 (2019) 1357-1364. doi:10.1007/s11431-018-9491-6. 

[4] X. Zhang, W. Shyy, A. Marie Sastry, Numerical Simulation of Intercalation-Induced Stress in 

Li-Ion Battery Electrode Particles, Journal of The Electrochemical Society. 154 (2007) A910. 

doi:10.1149/1.2759840. 

[5] J. Li, N. Dudney, X. Xiao, Y. Cheng, C. Liang, M. Verbrugge, Asymmetric Rate Behavior of 

Si Anodes for Lithium-Ion Batteries: Ultrafast Delithiation versus Sluggish Lithiation at High 

Current Densities, Advanced Energy Materials. 5 (2014) 1401627. doi:10.1002/aenm.201401627. 

[6] S. Pal, S.S. Damle, S.H. Patel, M.K. Datta, P.N. Kumta, S. Maiti, Modeling the delamination 

of amorphous-silicon thin film anode for lithium-ion battery, J. Power Sources 246 (2014) 

149e159. doi.org/10.1016/j.jpowsour.2013.06.089. 

[7] C. Wang, H. Wu, Z. Chen, M. McDowell, Y. Cui, Z. Bao, Self-healing chemistry enables the 

stable operation of silicon microparticle anodes for high-energy lithium-ion batteries, Nature 

Chemistry. 5 (2013) 1042-1048. doi:10.1038/nchem.1802. 

 

 

 



49 

 

CHAPTER 5: RESULTS AND DISCUSSION 

5.1 Sensitivity Analysis 

From our model, we identified some key parameters as solid diffusivity (Ds), exchange 

current density (i0), partial molar volume (Ω), Young’s modulus (E) and Poisson’s ratio (ν). These 

parameters play a crucial role in experimental validation with our model. To find the best fit with 

experimental results we need to choose the most suitable parametric values. Therefore, before 

running simulations, we conducted some literature surveys and figured out the best parametric 

ranges. 

First, we figured out five different values of solid diffusivity for the lithiation cycle. For 

experimental validation, we choose experimental data of four (4) different C-Rates (C/10, C/5, C/3 

and C/2) generated by Wang et al [1]. Once we figured out the best value from literature surveying 

[2-9], we selected parametric ranges. Then, within the parameter values, we selected one particular 

value for simulation and repeated the same technique with solid diffusivity for delithiation cycle. 

Next, we repeated the same procedure for the exchange current density for lithiation cycle and 

then repeated the same for delithiation cycle. Once we find good values, then we moved to other 

key parameters such as Ω, E and ν.   

After completing sensitivity analysis, we generated voltage vs specific capacity, 

hydrostatic stress vs specific capacity and stress induced voltage vs specific capacity graphs for 

four different types of C-Rates. In the following section, details have been provided. 
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5.1.1  Impact of Solid Diffusivity 

5.1.1.1 Lithiation Cycle 

 

Figure-5.1: Sensitivity analysis in voltage vs specific capacity graph for different solid diffusivity in lithiation cycle. 

Results of different C-Rates: C/10 (a), C/5 (b), C/3 (c), C/2 (d) have been demonstrated. 

 

Table-5.1: Parametric ranges for sensitivity analysis of solid diffusivity (dl) in lithiation cycle 

Solid Diffusivity [m2/s] values used in Lithiation Cycle 

1.0E-11 1.0E-12 1.0E-13 1.0E-14 1.0E-15 

At table-5.1 the different diffusivity values which we used in simulation has been highlighted. The 

best-fitting value we found so far is Dl = 2.0E-15 [m2/s].  
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5.1.1.2 Delithiation Cycle 

 

Figure-5.2: Sensitivity Analysis in Voltage vs Specific Capacity graph for different Solid Diffusivity in Delithiation 

cycle. Results of different C-Rates: C/10 (a), C/5 (b), C/3 (c) C/2 (d) have been demonstrated. 

 

Table-5.2: Parametric ranges for sensitivity analysis of solid diffusivity (dd) in delithiation cycle 

Solid Diffusivity [m2/s] values used in Delithiation Cycle 

1.0E-11 1.0E-12 1.0E-13 1.0E-14 1.0E-15 

 

Here, table-5.2 the different diffusivity values which we used in simulation have been shown. The 

best-fitting value is Dd = 5.0E-15 [m2/s].  
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5.1.2 Impact of Exchange Current Density 

5.1.2.1 Lithiation Cycle 

 

Figure-5.3: Sensitivity Analysis in Voltage vs Specific Capacity graph for different Exchange Current Density in 

lithiation cycle. Results of different C-Rates: C/10 (a), C/5 (b), C/3 (c), C/2 (d) have been demonstrated. 

 

Table-5.3: Parametric ranges for sensitivity analysis of exchange current density (i0l) in lithiation cycle 

Exchange Current Density [A/m2] values used in Lithiation Cycle 

0.001 0.01 0.1 1.0 10.0 

 

At table-5.3 the different exchange current density values which we used in simulation has been 

exhibited. The best-fitting value we got here is i0l = 0.06 [A/m2].  
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5.1.2.2 Delithiation Cycle 

 

Figure-5.4: Sensitivity Analysis in Voltage vs Specific Capacity graph for different Exchange Current Density in 

delithiation cycle. Results of different C-Rates: C/10 (a), C/5 (b), C/3 (c), C/2 (d) have been demonstrated. 

 

Table-5.4: Parametric ranges for sensitivity analysis of ex. current density (i0d) in delithiation cycle 

Exchange Current Density [A/m2] values used in Delithiation Cycle 

0.001 0.01 0.1 1.0 10.0 

 

In Table-5.4 the different exchange current density values which we used in simulation has been 

displayed. The best fitting in case of delithiation is i0d = 0.08 [A/m2].  
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5.1.3 Impact of Partial Molar Volume 

 

Figure-5.5: Sensitivity Analysis in Voltage vs Specific Capacity graph for different Partial Molar Volume. Results 

of different C-Rates: C/10 (a), C/5 (b), C/3 (c), C/2 (d) have been demonstrated. 

 

Table-5.5: Sensitivity analysis of partial molar volume (Ω) in lithiation-delithiation cycle 

Partial Molar Volume [m3/mol] values used in Lithiation-Delithiation Cycle 

1.0E-7 5.0E-7 1.0E-6 5.0E-6 1.0E-5 

 

At Table-5.5 the different partial molar volume values which we used in simulation has been 

mentioned. Here the best value we found is Ω = 4.5E-6 [m3/mol].  
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5.1.4 Impact of Young’s Modulus 

 

Figure-5.6: Sensitivity Analysis in Voltage vs Specific Capacity graph for different Young’s Modulus. Results of 

different C-Rates: C/10 (a), C/5 (b), C/3 (c), C/2 (d) have been demonstrated. 

 

Table-5.6: Sensitivity analysis of Young’s modulus (E) in lithiation-delithiation cycle 

Young’s Modulus [GPa] values used in Lithiation-Delithiation Cycle 

50 100 150 200 250 

 

At Table-5.5 the different Young’s modulus values which we used in simulation has been 

highlighted. The best-fitting value we found so far is E = 90 [GPa].  
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5.1.5 Impact of Poisson’s Ratio 

 

Figure-5.7: Sensitivity Analysis in Voltage vs Specific Capacity graph for different Poisson’s Ratio. Results of 

different C-Rates: C/10 (a), C/5 (b), C/3 (c), C/2 (d) have been demonstrated. 

 

Table-5.7: Sensitivity analysis of Poisson’s ratio (ν) in lithiation-delithiation cycle 

Poisson’s Ratio values used in Lithiation-Delithiation Cycle 

0.10 0.20 0.30 0.40 0.45 

 

Here, In Table-5.6, the different Poisson’s ratio values that we used in simulation has been shown. 

The best matched value we identified is ν=0.28.  
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5.2 Validation of Experimental Results 

After completing the sensitivity analysis, we identified the best values for all the key 

parameters. The following table shows key parameters and their values,   

 

Table-5.8: List of key parameters and their identified values used in this study 

Parameters Values Description Remarks 

r0 2.1 X 10-6 Initial Particle Radius [m] Ref [1] 

Dl 2 X 10-15 Solid Diffusivity [m2/s] for Lithiation Analyzed 

Dd 5 X 10-15 Solid Diffusivity [m2/s] for De-lithiation “ 

i0l 0.006 Exchange Current Density [A/m2] for Lithiation “ 

i0d 0.008 Exchange Current Density [A/m2] for De-lithiation “ 

Ω 4.5 X 10-6 Partial Molar Volume [m3/mol] Ref [2] 

E 90 Young's Modulus Constant [GPa] “ 

ν 0.28 Poisson's Ratio Constant “ 

 

We validated our mathematical model using the experimental results generated by Wang et al.’s 

[1] battery cycling test (voltage vs specific capacity) at different C-Rates (C/10, C/5, C/3 and C/2). 

We also generated hydrostatic stress vs specific capacity graph and stress induced voltage vs 

specific capacity graph. The results are exhibited in the following section. Earlier researchers [4-

6] suggested that hydrostatic stress is the main reason behind hydrostatic stress generation during 

battery cycling. Here, we rechecked their verdict with our own generated model. We wanted to 

check whether hydrostatic stress is the main reason, or any other parameters are also the factor 

behind this voltage gap generation. 
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5.2.1 Lithiation-Delithiation Cycling  

 

Figure-5.8:  Voltage vs Specific Capacity graph for different C-Rates: C/10 (a), C/5 (b), C/3 (c), C/2 (d) have been 

demonstrated. 

 

From the figure above, red dotted lines denote experimental results generated by Wang et 

al. [1] for four different C-Rates and dashed lines denote simulation results. For, all the C-rates we 

used the same parameters except Specific Capacities. For, C/10 the specific capacity was 

calculated 2936.00 [mAh/g], Then for C/5 it was found 2544.48 [mAh/g], Whereas for C/3 it was 

1776.83 [mAh/g] and in case of C/2 specific capacity is counted as 1450.24 [mAh/g].  

 



59 

 

5.2.2 Influence of Hydrostatic Stress  

 

Figure-5.9:  Hydrostatic Stress vs Specific Capacity graph for different C-Rates: C/10 (a), C/5 (b), C/3 (c), C/2 (d) 

have been demonstrated. 

 

In the figure above hydrostatic stress vs specific capacity graphs are generated for all C-Rates. 

Hydrostatic stress was calculated by Cheng & Verbrugge’s analytical solution [8]. For C/10 

Maximum hydrostatic stress was found 110 [MPa], whereas for C/5 it is noticed as 200 [MPa], 

Again, In C/3 stress counted as 250 [MPa] and for C/2 we found hydrostatic stress value as 400 

[MPa]. As long as C-Rates progresses hydrostatic stress keeps increasing. 
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5.2.3 Influence of Stress Induced Voltage  

 

Figure-5.10:  Stress Induced Voltage vs Specific Capacity graph for different C-Rates: C/10 (a), C/5 (b), C/3 (c), 

C/2 (d) have been demonstrated. 

 

We also calculated stress induced voltage (σhΩ/F) [V] generated from hydrostatic stress. The 

following table exhibits the values for four different C-Rates, 

Table-5.9: Impact of stress induced voltage (σhΩ/F) [V] 

Stress Induced 

Voltage, σhΩ/F [V] 

C-Rates C/10 C/5 C/3 C/2 

Maximum 0.005 0.009 0.0014 0.018 

Minimum -0.013 -0.024 -0.034 -0.048 
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From Table-5.8, it is noticed that, for all the C-Rates maximum stress induced voltage is measured 

as 0.018 [V] which is significantly low to have an impact on voltage hysteresis generation.   

5.3 Discussion 

From the results we witnessed, after including volume expansion phenomenon, asymmetric 

solid diffusivity, and asymmetric exchange current density in our model a good fit with 

experimental results of Wang et al. [1] can be found. Hydrostatic stress induced voltage is also 

calculated using our model. It can be noticed clearly that the maximum value of this stress induced 

voltage is too small ~0.018 [V] to generate voltage hysteresis during battery cycling. Using 

asymmetric diffusivity and asymmetric exchange current density instead helped to get a good fit 

with experimental results. Therefore, it can be stated that hydrostatic stress is not the sole 

contributor to voltage hysteresis generation. Solid diffusivity and exchange current density are 

equally important for the voltage hysteresis phenomenon.   
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CHAPTER 6: FUTURE WORK 

We started our work with one-dimensional single spherical model development. We 

wanted to make our model as simple as possible. We added volume expansion phenomenon, state 

of charge (SOC) based particle radius, asymmetric solid diffusivity, asymmetric exchange current 

density in our model. We are the first one to do so in the battery model arena. However, in our 

present work, we neglected the inclusion of solid phase potential, solution phase potential and 

solution phase concentration. We also did not include the cathodic part in model development. In 

future, we have a concrete plan to include those features. Table-6.1 indicates how we will 

implement all the additional equations in the half-cell model. Our next plan is to convert one-

dimensional model into a two-dimensional (2D) model as mentioned in Figure-6.1 

 

 

 

 

 

 

 

 

Figure-6.1: Schematic diagram of the electrode (half-cell) model developed in this study [1] 
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The boundary conditions are the same as mentioned in the figure and the table above. Then, we 

will generate a model like our current SPM model. Once we are done with that, then we will 

modify our current mass diffusion equation with Zhang et al.’s [3] where the hydrostatic stress 

part is included with the equation. Next, we will repeat the same results and check the status. 

𝜕𝑐

𝜕𝑡
= 𝐷

𝜕

𝜕𝑟
(

𝜕𝑐

𝜕𝑟
−

𝛺𝑐

𝑅𝑇

𝜕𝜎ℎ

𝜕𝑟
)                                                                                         [6.6] 

Table-6.1: Governing equations and boundary conditions used for modeling the cell 

Governing Equations Boundary conditions 

Mass Conservation in Solid Phase (spherical 

coordinate) 

 
𝜕𝐶𝑠,𝑖

𝜕𝑡
=

𝐷𝑠

𝑟2

𝜕

𝜕𝑟
(𝑟2

𝜕𝐶𝑠,𝑖

𝜕𝑟
) 

 

(6.1) 

 

 
𝜕𝐶𝑠,𝑖

𝜕𝑟
|

𝑟=0
= 0, −𝐷𝑠

𝜕𝐶𝑠

𝜕𝑟
|

𝑟=𝑟0

=
𝑖𝑖

𝐹
 

Mass Conservation in Electrolyte phase 

 

𝜀𝑖

𝜕𝐶𝑒,𝑖

𝜕𝑡
=

𝜕

𝜕𝑥
(𝐷𝑒𝑓𝑓,𝑖

𝜕𝐶𝑒,𝑖

𝜕𝑥
) + (1 − 𝑡+

0)𝑎𝑖𝐽𝑖 

 

(6.2) 

 

−𝐷𝑒𝑓𝑓,𝑖

𝜕𝐶𝑒,𝑖

𝜕𝑥
|

𝑥=0
= −𝐷𝑒𝑓𝑓,𝑖

𝜕𝐶𝑒,𝑖

𝜕𝑥
|

𝑥=𝐿 +𝐿𝑠

= 0 

Conservation of Charge in Solid Phase 

𝜎𝑒𝑓𝑓,𝑖

𝜕2∅𝑠,𝑖

𝜕𝑥2
= 𝑎𝑖𝐹𝐽𝑖 

 

(6.3) 
𝜎𝑒𝑓𝑓,𝑖

𝜕∅𝑠,𝑖

𝜕𝑥
|

𝑥=0
= 𝐼𝑎𝑝𝑝, 𝜎𝑒𝑓𝑓,𝑖

𝜕∅𝑠,𝑖

𝜕𝑥
|

𝑥=𝐿 +𝐿𝑠

= 0 

Conservation of Charge in Electrolyte Phase 

𝜕

𝜕𝑥
(𝜅𝑒𝑓𝑓,𝑖

𝜕∅𝑒,𝑖

𝜕𝑥
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𝜕

𝜕𝑥
(

𝜕𝑙𝑛𝑐𝑒

𝜕𝑥
) = −𝑎𝑖𝐹𝐽𝑖 

 

(6.4) 

 

−𝜅𝑒𝑓𝑓,𝑖

𝜕∅𝑒,𝑖

𝜕𝑥
|

𝑥=0
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𝜕𝑥
|
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= 0 

Modified Butler-Volmer Kinetic Equation 

𝑉 = 𝑈 +
𝜎ℎΩ

F
+

2𝑅𝑇

𝐹
 sinh−1 (

𝑖𝑎𝑝𝑝

2𝑖0𝑎𝑉𝐿𝐹
) + ∅𝑠 + ∅𝑒 

 
(6.5) 

 

Effective properties 

𝜅𝑒𝑓𝑓 = 𝜅𝜀𝑒
𝛾
 

𝐷𝑒𝑓𝑓 = 𝐷𝑒𝜀𝑒
𝛾
 

𝜎𝑒𝑓𝑓,𝑖 = 𝜀𝑠𝜎 

 

Specific interfacial surface area 

𝑎𝑖 =
3𝜀𝑠

𝑟0
 

Diffusion coefficient in electrolyte phase 

𝐷𝑒 = 10−4 × 10
−4.43−(

54

𝑇−229−5.0×10−3𝑐𝑖
)−0.22×10−3𝑐𝑖

 [2] 

Ionic conductivity in electrolyte phase 

𝜅𝑖,𝑒 = 10−4 × 𝑐𝑖(−10.5 + 0.688 × 10−3𝑐𝑖 + 0.494 ×

10−6𝑐𝑖
2 + 0.074𝑇 − 1.78 × 10−5𝑐𝑖𝑇 − 8.86 × 10−10𝑐𝑖

2𝑇 −
6.96 × 10−5𝑇2 + 2.80 × 10−8𝑐𝑖𝑇

2)2 [2] 
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Two boundary conditions for mass diffusion equations will be implemented like below, 

𝐷 (
𝜕𝑐 

𝜕𝑟
−

𝛺𝑐

𝑅𝑇

𝜕𝜎ℎ

𝜕𝑟
) = −

𝑖𝑛

𝐹
 ; 𝑤ℎ𝑒𝑛,  𝑟 = 𝑅                                                               [6.7] 

𝐷 (
𝜕𝑐 

𝜕𝑟
−

𝛺𝑐

𝑅𝑇

𝜕𝜎ℎ

𝜕𝑟
) = 0 ; 𝑤ℎ𝑒𝑛,  𝑟 = 0                                                                      [6.8] 

Likewise, previous equations at the center of the particle, the flux will be zero whereas at the 

surface of the particle flux will have impact and flux is generated using Butler-Volmer (BV) [4] 

equation. First, we will include this modified mass diffusion equation at our single particle model 

(SPM). Then, we will generate voltage vs specific capacity, hydrostatic stress vs specific capacity 

and voltage induced stress vs specific capacity graph. Later, we will produce same results 

developing full cell model.  
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CHAPTER 7: CONCLUSION 

From our observation, it is identified, hydrostatic stress is not the sole contributor to voltage 

hysteresis phenomena occurring during lithiation-delithiation cycling of silicon anode-based 

lithium-ion batteries. In the past, Jin et al. [5], Song et. al. [6] and some other groups [7,8] gave 

their verdict that hydrostatic stress is the main reason behind voltage hysteresis. But none of them 

considered volume expansion and contraction of spherical particles, they also ignored surface 

crack generation phenomenon. Most important thing, they did not include any experimental data 

to validate their mathematical model. That left big a question for the acceptancy of their verdict. 

Therefore, we wanted to recheck that before developing our own mathematical model. Before 

developing our own model, we did some literature surveys and identified the lacking on other 

researchers’ work. We tried to build our model very simple starting with a one-dimensional (1D) 

single particle model. But we made sure we include volume expansion, SOC based particle radius 

equation, asymmetric diffusivity & exchange current density in our model to make a realistic one. 

Several groups [12-15] have reported how important role volumetric change plays in silicon anode 

cells. Therefore, it is really important to consider this phenomenon while developing a model. 

Another crucial case is the emergence of surface cracks at the surface of the electrode. Researchers 

discussed those in their respected work [16-18]. On the other hand, Li et al. [19] reported that 

diffusivity cannot be same for both lithiation and delithiation cycle and same can be said for 

exchange current density as well. Because of these verdicts, we included these important 

phenomena in our model development. We collected experimental data generated by Wang et al. 

[1]. Then, we identified key parameters that can control the overall result of the model. Then, we 

conducted sensitivity analysis with those key parameters such as solid diffusivity, Exchange 
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current density, partial molar volume, Young’s modulus and Poisson’s ratio. After completing 

sensitivity analysis, we identified the best values for the previously mentioned parameters. Then, 

we generated voltage vs specific capacity, hydrostatic stress vs specific capacity and stress induced 

voltage vs specific capacity graphs for four different C-Rates (C/10, C/5, C/3 & C/2). We validated 

the model with experimental results. We noticed that, for all C-Rates maximum hydrostatic stress 

induced voltage is 0.0018 [V] which is significantly low to have an impact on voltage hysteresis 

generation. On the other hand, the inclusion of SOC dependent particle radius equation, 

asymmetric solid diffusivity and asymmetric exchange current density assisted our model to make 

a good fit with experimental results. Therefore, it can be stated, not only hydrostatic stress but also 

solid diffusivity and exchange current density are equally important for voltage hysteresis 

emergence during battery cycling in silicon anode-based lithium half cells. 
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